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Abstract. A Lie A-torus of type X r is a Lie algebra with two gradings — one 
by an abelian group A and the other by the root lattice of a finite irreducible 
root system of type X r . In this paper we construct a centreless Lie A-torus of 
type BC r , which we call a unitary Lie A-torus, as it is a special unitary Lie 
algebra of a nondegenerate A-graded hermitian form of Witt index r over an 
associative torus with involution. We prove a structure theorem for centreless 
Lie A-tori of type BC r , r > 3, that states that any such Lie torus is bi- 
isomorphic to a unitary Lie A-torus, and we determine necessary and sufficient 
conditions for two unitary Lie A-tori to be bi-isomorphic. The motivation to 
investigate Lie A-tori came from the theory of extended affine Lie algebras, 
which are natural generalizations of the affine and toroidal Lie algebras. Every 
extended affine Lie algebra possesses an ideal which is a Lie n-torus of type 
X r for some irreducible root system X r , where by an n-torus we mean that 
the group A is a free abelian group of rank n for some n > 0. The structure 
theorem above enables us to classify centreless Lie ra-tori of type BCr, r > 3. 
We show that they are determined by pairs consisting of a quadratic form k 
on an n-dimensional Z2-vector space and of an orbit of the orthogonal group 
of n. We use that result to construct extended affine Lie algebras of type BC r , 
r > 3. Our article completes a large project involving many earlier papers and 
many authors to determine the centreless Lie n-tori of all types. 
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1. INTRODUCTION 

In Lie theory it is known that a finite-dimensional simple Lie algebra over a (not 
necessarily algebraically closed) field of characteristic having a root system of type 
BC r or B r , r > 3, relative to a maximal split toral subalgcbra is isomorphic to the 
special unitary Lie algebra of a nondcgcncratc hcrmitian form of Witt index r ([S, 
Chap. V], [T]). In this paper, we prove an infinite-dimensional graded analogue of 
that result. More specifically, we show that any centreless Lie torus of type BC r for 
r > 3 is bi-isomorphic to the special unitary Lie algebra of a nondegenerate graded 
hcrmitian form of Witt index r. 1 

The notion of a Lie torus was first introduced by Y. Yoshii ([Y3], [Y4]). An 
equivalent definition was later formulated by E. Neher in [Nl]. By definition, a 
Lie K-torus L of type A has two compatible gradings, one a root grading by the 
root lattice of a finite irreducible (not necessarily reduced) root system A and the 
other an external grading by an arbitrary abelian group A. Because of the double 
grading, there is a natural notion of equivalence for Lie tori called bi-isomorphism. 

The motivation for the study of Lie tori came from extended affine Lie algebras 
(EALAs), which are natural generalizations of the affine and toroidal Lie algebras. 
There is a construction due to Neher of a family of EALAs starting from a centreless 
Lie A-torus with A isomorphic to Z™ for some n > (or what is referred to as a 
centreless Lie n-torus). Moreover, any EALA occurs in one such family [N2]. So 
an understanding of the structure of centreless Lie n-tori yields a corresponding 
understanding of the structure of EALAs. More generally, for an arbitrary torsion- 
free abelian group A, centreless Lie A-tori that possess an invariant form can be 



For Lie tori, and more generally for root graded Lie algebras, type BC r contains type B r as 
a special case (see Remark 3.3.3). In contrast, for finite-dimensional simple Lie algebras and for 
extended affine Lie algebras the convention is that type B r and type BC r are disjoint. Conse- 
quently, extended affine Lie algebras of type B r and BC r are constructed from Lie tori of type 
BC r (sec Section 7.3). 
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used to construct what are called invariant affine reflection algebras. (See [N3, §6.7] 
and Remark 8.1.3 below.) 

This paper is devoted to describing the structure of Lie A-tori of type BC r , 
r > 3. In Chapters 2-5 we present the necessary background on root graded Lie 
algebras, Lie tori, and associative tori with involution, as well as hermitian forms 
and unitary Lie algebras over associative tori with involution. 

Chapter 6 contains the main results of the paper. We first construct a centreless 
Lie A-torus of type BC r , which we call a unitary Lie A-torus, as it is a special 
unitary Lie algebra § of a nondegenerate A-graded hermitian form of Witt index r 
over an associative torus with involution. The root grading of § is the root space 
decomposition relative to an ad-diagonalizable subalgebra of §, and the external 
grading is induced from the A-grading of the hermitian form. We then prove a 
structure theorem (Theorem 6.3.1) for centreless Lie A-tori of type BC r , r > 3, 
that states that any such Lie torus is bi-isomorphic to a unitary Lie A-torus. Our 
next main result (Theorem 6.6.1) provides necessary and sufficient conditions for 
two unitary Lie A-tori to be bi-isomorphic. 

In Chapter 7 we specialize to the case when A is isomorphic to Z™ . We obtain a 
classification of centreless Lie n-tori of type BC r , r > 3, in Theorem 7.2.4. These 
Lie tori are determined by pairs consisting of a quadratic form k on a n-dimensional 
vector space over Z2 and an orbit under a certain action of the orthogonal group 
of k. We apply Neher's method and our results to construct maximal EALAs of 
type B r and BC r , r > 3. Using coordinates in the grading group A (~ Z"), we give 
explicit expressions for the product and invariant bilinear form on the EALA, in the 
spirit of [BGK]. Chapter 8 contains some concluding remarks and some possible 
directions for future investigations. 

By treating the case of type BC r , r > 3, our structure theorem completes a 
program to describe the centreless Lie n-tori of all types. This effort, which has 
involved many authors, began in 1993 with the seminal paper on EALAs of type 
A r , r > 3, by Berman, Gao and Krylyuk [BGK]. (For an overview of the program 
and relevant references see [AF, §7-11].) 

Our work on Lie algebras graded by the root system BC r was started together 
with Yun Gao. Due to other commitments, he felt he could not devote time to this 
present project and urged us to proceed without him. We value his contributions 
to our monograph [ABG] and to the initial investigations that ultimately led to our 
present paper; and we thank him for his enthusiastic support of our efforts. 

2. PRELIMINARIES 

2.1. Notational conventions. 

We begin with some conventions and definitions that will be used throughout 
the paper. 

All algebras and vector spaces are over F, a field of characteristic different from 2. 
In Sections 4.2, 7.2, 7.3 and Chapters 3, 6, 8 we assume that F has characteristic 0, 
and we prove the main results of the paper under that hypothesis. This additional 
assumption on the field will always be stated explicitly. 

Unless indicated to the contrary, all associative algebras are unital, and by a 
module for an associative algebra A, we mean a right module for A. If X is an 
yi-module, then gl A (X) is the Lie algebra with underlying space Endyi(AT) under 
the commutator product. The centre of an associative or Lie algebra A is denoted 



UNITARY LIE ALGEBRAS AND LIE TORI 



4 



by Z(A). A Lie algebra £ is said to be centreless if Z(L) = 0. The centroid of any 
algebra A is the associative algebra Cent (.A) consisting of all endomorphisms of A 
that commute with all left and right multiplications. If A is a unital associative 
algebra, then Z(A) and Cent (.A) are isomorphic under the map which sends a to 
left multiplication by a. 

If S is any subset of a group A, then (S) stands for the subgroup generated by S. 

2.2. Associative algebras with involution and hermitian forms. 

An associative algebra with involution is a pair (A, — ) consisting of an associative 
algebra A and a period 2 anti-automorphism "— " of A. We adopt the notation 

A + = {a G A | a = a} and A- = {a G A | a = —a}, 

for the symmetric and skew-symmetric elements relative to the involution, so that 
A = A+ ® A-. The centre of (A, — ) is defined as 

Z(A,-) = Z(A)r\A+. 

If (A, — ) is an associative algebra with involution, a map £ : A x A — > A is 
called a hermitian form over (.A, — ) if A is a (right) A- module and £ : A x X — > A 
is a bi-additive map such that 

y) = a£(x,y), = £(x, j/)a and £(?/, x) = £(x, y) 

for a G A and x,y <E X. If Y is an .A-submodule of A, then 

y 1 := {i £ I £(x, y) = for all j/ G Y} 

is an A-submodule of A. The form £ is nondegenerate if A 1 - = 0. If a G A, we say 
that £ represents a if x) = a for some x G A. 

2.3. Graded structures. 

Let A be an additive abelian group. 

2.3.1. We have the following basic terminology: 

(a) A vector space A over F is A-graded if A has a decomposition A = ©^a. X 17 
into subspaces indexed by A. 2 If x G A, by deg A (x) — a we mean that x G X a . 
The A- support of A is 

su PPA (A) = {er G A | A CT ^ 0}. 

If the subgroup (supp A (A)} of A generated by supp A (A) equals A, then A is said 
to have full support, in A. 3 When dimF(A <T ) is finite for all a G A, then A is said 
to have finite graded ¥-dimension, and when dim^ X a < 1 for all a G A, then A 
is called finely A- graded. If L is a subgroup of an abelian group A and A is an 
L-graded vector space, we regard A as an A-graded vector space by setting X a = 
for a G A \ L. 

(b) An algebra A is A-graded if A = ©^gA A" is graded as a vector space and 
A^A" c for a, r e A. 



We write the degrees of the graded spaces as superscripts except in the case of root gradings 
(sec Section 3.2), where it is more customary to use subscripts. 

3 Often we assume a graded space has full support, since if this condition is not satisfied, we 
can always replace A by the group (supp A (X)). 
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(c) An associative algebra with involution {A, — ) is A-graded if A is A-graded as 
an algebra, and the involution preserves the grading. Then A- and A+ are graded 
subspaccs of A, and we set 

A_ = A_(.A, -) = supp A (A_) and A + = A + (A, -) = supp A (A+) 

so that 

supp A (.A) = A_ U A+. 

Note that in general A_ and A + may not be subgroups of A. 

(d) If A is a A-graded algebra and A' is a A'-graded algebra, an isograded- 
isomorphism of A onto A' is a pair (tp, w), where (p : A — ► A' is an algebra 
isomorphism, tp gr : A — > A' is a group isomorphism and <p(A a ) = A llp « r ^ for a G A. 
If such a pair exists, we say that A and .A' are isograded-isomorphic. If .A has full 
support in A, then ip gI is determined by <p and we can abbreviate the pair (ip, ip gI ) 
as ip. When A = A' and (p gI = id, then A and A' are said to be graded-isomorphic. 
The notions of isograded-isomorphic and graded-isomorphic for graded associative 
algebras with involution are defined similarly (by insisting that the map <p respects 
the involutions). 

(e) If A is a A-graded associative algebra, an A-module X is A-graded if X = 
(TeA A CT is graded as a vector space and X a .A T C X a+T for er, r e A. 

(f) If (.A, — ) is a A-graded associative algebra with involution, a hermitian form 
£ : A x A ^ A over (A, — ) is said to be A-graded if the .A-module X is A-graded 
and £,(X a ,X T ) C A a+T for <t,t e A. We then say that £ is of finite graded F- 
dimension (resp. finely A-graded) if A is of finite graded ¥ -dimension (resp. finely 
A-graded). 

(g) If A is a A-graded A-module, we set 

Endyi (A) CT = {Te Endy^A) | T(A T ) C X a+T for t e A}, 

for cr e A, and we let End^(A) = ff£A End yl (A) CT . Then End^(A) is a A- 
graded associative algebra under composition. We further let gl^(X) be the A- 
graded Lie algebra with underlying graded space End^[(A) under the commutator 
product. We say that the gradings on Endj^(A) and g[^(A) are induced by the 
grading on A. If supp A (A) is finite or if A is a finitely generated .A-module, 
then End yl (A) = End^(A) is A-graded [NvO, Cor. 2.4.4 and 2.4.5], and hence 
f(U(A) = Ql%(X) is A-graded. 

3. ROOT GRADED LIE ALGEBRAS AND LIE TORI 

Lie tori are root graded Lie algebras with additional structure. In this chapter, 
we recall the notions of root graded Lie algebras and Lie tori. 

We suppose throughout the chapter that F is a field of characteristic and that 
A is a finite irreducible (not necessarily reduced) root system in a finite- dimensional 
vector space FA (defined for example as in [Bo, Chap. VI, §1, Def. I]). 4 



In [Nl] and in other papers on Lie tori and extended afBnc Lie algebras, it has been convenient 
to adopt the convention that is a root. However, for compatibility with [ABG], we do not do 
that here. 
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3.1. Root systems. 

Our notation for root systems is standard. Let 

Q = <2(A) := span z (A) 

be the root lattice of A, and 



A ind :={ M eA| \n i A} 



be the set of indivisible roots in A. For \i G A, ^ will denote the coroot of 
\i. That is, [i v is the element of the dual space of the vector space FA so that 
v i— > v — {v /i v )/x is the reflection corresponding to \i in the Weyl group of A, 
where ( | ) is the natural pairing of FA with its dual space. 

The root system A has type X r , where X r = A r , B r , C r , D r , Eq, E7, Eg, F4, G2 
or BC r . If X r 7^ BC r , then A is reduced (that is 2[i A for /1 G A) and A = A; nc j. 
On the other hand, if X r = BC r , then A;„d is an irreducible root system of type 
B r (see 3.1.1 below). 

3.1.1. If A has type BC r , we may choose a Z-basis e\, . . . ,s r for Q so that 

A = {±e 4 1 < i < r} U {±(e l ± ej) | 1 < i < j < r} U {±2e l 1 < i < r} and 

A ind = {±£i I 1 < % < r} U {±(e 4 ±Ej)\l<i< j < r}. 
For this basis, we define a permutation i \—> 1 of {1, . . . , 2r} by 1 — 2r + 1 — i and 
set £j = —Si for 1 < i < r, so that 

£j = — £i for all 1 < i < 2r, and 
A = {e 4 I 1 < i < 2r} U { £l + Sj\l< i,j < 2r, j ^ 1}, 
= & I 1 < i < 2r} U {si + sj I 1 < i < j < 2r, j ± «}, 
where the expressions on the last line are unique. 

3.1.2. When A is of type BC r in various examples (such as in Sections 4.2 and 
6.1 below), we do not assume a priori that a choice of basis for Q as in 3.1.1 has 
been made, but rather instead use a basis that arises naturally. 

3.2. Root graded Lie algebras. 

Definition 3.2.1. ([ABG, Chap. 1]) A A-graded (or root graded) Lie algebra (with 
grading subalgebra of type Ai nd ) is a Q-graded Lie algebra £ = £p over F 

satisfying 

(RG1): £ has a split simple subalgebra g with splitting Cartan subalgebra 
(), and there exists an F-linear isomorphism [l^>Jl of FA onto \f such that 
the root system of g with respect to f) is A; n d, and such that 
£/j = {x G £ [h, x] = ]l(h)x for h G f)} for /1 G Q; 

(RG2): suppg(£) C A U {0}; 

(RG3): £ is generated as a Lie algebra by the spaces £ M , \i G A. 

In that case, we say that ($, f)) is the grading 'pair for £, g is the grading (simple) 
subalgebra of £, and \) is the grading ad-diagonalizable subalgebra of £. Also, when 
A has type X r , we often refer to a A-graded Lie algebra as an X r -graded Lie algebra. 

3.2.2. If £ is a A-graded Lie algebra with grading pair (fj,f)), then Z(L) C £ 
and £/Z(£) is A-graded Lie algebra with the induced Q-grading and with grading 
pair (7r(g), 7r(f))), where 7r : £ — > £/Z(£) is the canonical map. 
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In this paper we are primarily interested in the case that A is of type BC r for 
r > 3. Such A-graded Lie algebras are described in [ABG, Chap. 2 and 3], and we 
will recall that description in Section 4.2. 

3.3. Lie tori. 

Let A be an arbitrary additive abelian group and Q be the root lattice of a root 
system A. If £ is a (Q x A)-graded Lie algebra, we write £j° for the (fi, cr)-component 
of £ (rather than or £( M)(T )) and adopt the notation 

£ °" = for cr e A and £ p = ££ for n G Q. 

In this way £ = (B^eQ £p = ©<reA is both a Q-graded algebra and a A-graded 
algebra, and these gradings are compatible in the sense that each £ M is A-graded 
(or equivalently, each L" is Q-graded). Conversely, compatible gradings by Q and 
A on an algebra £ determine a (Q x A)-grading on £. 

Next we present the definition of a Lie torus following [Nl]. 

Definition 3.3.1. A Lie A-torus of type A is a (Q x A)-graded Lie algebra £ over 
F satisfying: 

(LT1): supp Q (£) C A U {0}. 
(LT2): (i) £° ^ for ,i e A ind . 

(ii) If (j, e A, a e A, and ££ ^ 0, then ££ = Fe£ and £l£ = F/^, where 

K,fZ],xl] = (v\f)xl 

for all e £J, i/ e Q, r e A. 
(LT3): £ is generated as a Lie algebra by the spaces £ M , /i£ A. 
(LT4): £ has full support in A. 

The Q-grading (resp. the A-grading) on £ is called the root grading (resp. the 
external grading) of £. If A has type X r , we often refer to a Lie A-torus of type A 
as a Lie A-torus of type X r . We use the term Lie torus when it is not necessary to 
specify either A or A. 

Remark 3.3.2. Suppose that £ is a Lie A-torus of type A. 

(a) It is known (see [Nl]) that £ is a A-graded Lie algebra, as defined in Section 
3.2. (Sec Proposition 3.4.1 (g) below for the case when £ is centreless.) 

(b) By [ABFP, Lcm. 1.1.10], either 

supp Q (£) = AU{0} or supp Q (£) = A ind U {0}. 

(c) If £ is centreless, then the centroid Cent(£) of £ is a A-graded subalgebra 
of End| r (£), and supp A (Cent(£)) is a subgroup of A, called the centroidal 
grading group of £ [BN, Prop. 3.13] 

Remark 3.3.3. Suppose that A is a root system of type BC r . The Lie A-tori of 
type A; n d are precisely the Lie A-tori of type A whose Q-support equals Aj n( j U {0}. 
So the class of Lie A-tori of type B r is contained in the class of Lie A-tori of 
type BC r . 

We will use the following natural notion of equivalence for (Q x A)-graded alge- 
bras and hence in particular for Lie tori [ABFP, Sec. 2.1]. 
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Definition 3.3.4. Let £ be a (Q x A)-graded Lie algebra and let £' be a (Q' x Ag- 
graded Lie algebra (where here A, Q, A', and Q' can be arbitrary abelian groups). 
A bi-isograded-isomorphism, or a bi-isomorphism for short, of £ onto £' is a triple 
(i>,i>Tt,i>ex), where ip : £ — > £' is an algebra isomorphism, Vrt : Q — > Q' and 
V'ex : A — > A' are group isomorphisms, and ip{£j^) = ^'^V^) f°r e Q an d cr € A. 
If such a triple exists, we say that £ and £' are bi-isomorphic. If £ has full (Q x A)- 
support (for example when £ is a Lie torus), then ip rt and V'ex are determined by 
tp, and in that case we abbreviate the triple (tjj, ^ rt , V'ex) as V • 

Remark 3.3.5. Suppose that V is a bi-isomorphism of a Lie A-torus £ of type 
A onto a Lie A'-torus of type A'. Then V'rt(suppQ(£)) = suppg/(£'). Hence, by 
Remark 3.3.2(b), if A and A' are either both reduced or both non-reduced, we 
have Vrt(A) = A', so tp Tt is an isomorphism of the root system A onto the root 
system A'. 

3.4. Basics on centreless Lie tori. 

Throughout this section, we assume that £ is a centreless Lie A-torus of type A. 
Following [Nl], we let g denote the subalgebra of £ generated by {£°} M eA and 

set f) = E^ a 

Proposition 3.4.1. Assume that £ = 0, cr)GQx A ^> * s a centreless Lie A-torus 
of type A. 

(a) If fi 6 A ind , then £f^ = 0. 

(b) g is a finite- dimensional split simple Lie algebra with splitting Cartan sub- 
algebra f). 

(c) There is a unique linear isomorphism \i — > JS o/FA onto f)* such that A; n d 
is the set of roots of g relative to f) and [e°,/°] = Jl v for /j, e A; n d- (Here 

(d) If fi e Q, then £ M = {x e £ | [h,x] = [i{h)x for h € h}. 

(e) If fi e A, a e A, and ££ ^ 0, tfeen [e£, /£] - 

(f) = £° and f) = £°. 

(g) .As a Q-graded Lie algebra, L is a A-graded Lie algebra with grading pair 
(0,f))- 

Proof. Parts (a)-(e) and (g) were announced in [Nl, Sec. 3] under the hypothesis 
that A is a finitely generated free abelian group. A proof of (a)-(f) for arbitrary 
A can be found in [ABFP, Prop. 6.3]. Part (g) follows from (b), (c), (d) and 
(LT3). □ 

Henceforth, we will use the map /U — ► Jj, in Proposition 3.4.1 (c) to identify FA 
and f)* and will omit the tildes. Thus, A is a root system in I}* and A; n d is the set 
of roots of g relative to t). Moreover, by Proposition 3.4.1 (d), we have 

£ M = {x e £ | [h, x] = n{h)x for h G J)} (1) 

for fieQ. Also, if ££ ^ for [i e A, a e A, then by Proposition 3.4.1 (e), 

[e£,/;]=M V , 

where /z v e (f)*)* = f). Thus, {e£,^ v ,/^} is an s[ 2 -triple. 
Following [AABGP, Sec. II. 2] and [Y3], we set 

A M := supp A (£ M ) = {<7 e A | £^ 0} 
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for fi G A. The following facts are proved in [Y3, Sec. 3] (see also [ABFP, 
Lem. 1.1.12])): 

Lemma 3.4.2. Suppose that H is a centreless Lie A-torus of type A and /i£ A. 
Then 

(a) A M depends only on the length of /i. 

(b) Jf/ie Aind, then G A M and — = A p . 

(c) If li,v G A with A„ and A M nonempty, then A u — (^|/i v )A /J C A^.^^v^. 

(d) // /ias minimum length in Ai n( j, £/ien (A^) = A. 

The next lemma is a consequence of s I2 -theory. 
Lemma 3.4.3. // fi, + v G A, a G A M , r G A^, and er + r G A^, i/ien 

■ (7 r rl r <x+r 



— ( 2 ) 



Proof. By assumption we have 



££^0, ££^0 and £££ 0. 



Suppose first that v £ Z/i. Let M = Efeez^+fe^- Then > b y ( LT1 ) and 
(LT2)(ii), M is a finite-dimensional s[ 2 (^, (r)-modulc, where s^^, c) is the Lie 
algebra spanned by {e^, /x v , Moreover, by (LT2)(ii), this module has one- 

dimensional weight spaces, and the eigenvalues of ad(^t v )|]v[ are integers of the 
same parity. Hence by s^-theory, M is irreducible and ad(ep££ = >C^+£, proving 
the desired fact. 

So we can assume that v G Z/x and similarly that ^ G 7Lv. Thus, v = ±/i, 
and, since /1 + v G A, we have v = fi. Now ad(e^)e2^ r = by (LT1), so 
ad(e-) ad(/pe^+ T = ad( M v )e^+ T = 4e^+ T . Therefore ad(e-)£- ? 0, again proving 
the conclusion. □ 

Remark 3.4.4. If u) : Q — > Q is in the Weyl group of A, then there exists an 
isograded isomorphism tp from L to £ such that Vrt = w - (To see this, one extends 
an inner automorphism of g. See the argument in the proof of Lemma 3.8 of [AF].) 

4. UNITARY LIE ALGEBRAS 

Throughout this chapter we assume that (A, — ) is an associative algebra with 
involution. 

4.1. The Lie algebras u(X,£), fu(X,£), and su(X,£). 

Definition 4.1.1. Suppose that £:AxA^.Aisa hermitian form over (A, — ). 
To construct unitary Lie algebras from £ we will use an associative algebra with 
involution (£, *) that is determined by £. We recall the definition of (£,*), following 
[A, Ex. 2.3], in (a) and (d) below. 

(a) For x,y e X, define E(x, y) G Endyi(A) by 

E(x,y)z = x.£(y,z). 



Then 



£(E(x,y)z,w) = £(z,E(y,x)w), (3) 
E(x.a, y) = E(x,y.a), and (4) 
E(x,y)E(z,w) = E(x.£(y, z), w) (5) 
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hold for all a E A and x, y, z, w E X. We set 

£ = t(X, £) := span F {S(x, y)\x,y e X}, 

and note that by (5), £ is an associative subalgebra of Endyi(X); however 
£ may not be unital. 

(b) Let 

It = u(X, £) := {T e End A (X) | £(Tx, y) + £(x, Ty) = V x, y E X}. (6) 

Then It is a Lie subalgebra of gi A (X), and we say that It is the unitary Lie 
algebra of £. 

(c) For x, y E X, set 

U(x,y) := E(x,y) - E(y,x), 

and let 

3- = fu(*.0 ~U(X,X), 
where U(X, X) = span F {[/(x, y) \ x,y E X}. It follows that 

U(x.a, y) = U(x, y.a) and U(x,y) — —U(y,x) (7) 

for a E A and x,y E X, and, by (3), that U{X 1 X) C U. In particular, if 
x E X and a E A+ , then 

U(x.a, x) = U(x, x.a) = 0. (8) 

Moreover, 

[T,U(x,y)] = U(Tx,y) + U(x,Ty) (9) 

for x, y E X and T E It, so that 5F is an ideal of the Lie algebra It, referred 
to as the finite unitary Lie algebra of £. 

(d) Suppose £ is nondegenerate. It follows from (3) that there is a well-defined 
linear map * : £ — > £ of period 2 such that E(x, y)* — E(y, x) for x,y E X . 
Using (4) and (5), it is easy to check that * is an involution of £. Further, 
by (3), we have 

Z(Tx,y)=Z(x,T*y) (10) 
for T E £ and x,y E X . It is then clear that 

J= {Te £ | T* = -T}, (11) 
and hence, using (10) and nondegeneracy, that 

J=Ufl£. (12) 

(e) Finally, we let 

§=su(X,0 = 

where — [5", 5] denotes the derived algebra of 3\ The ideal S of It is 
called the special unitary Lie algebra of £. 

Example 4.1.2. Suppose that ^ : X x X ^ A is a, nondegenerate hermitian form 
over an associative division algebra with involution (A, — ). Then £ is the algebra 
of all finite rank endomorphisms in Endyi(X) that have an adjoint relative to £ [J, 
Prop. 1, §IV.8]. Thus, by (12), 5" is the Lie algebra of all finite rank endomorphisms 
in U. 
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4.1.3. If £ : X x X — > A is a hermitian form over (.A, — ), then End^i(X) is a left 
module for the center Z(A, — ) = Z(.A) n .A+ with the action given by ($T)(x) := 
T{x.%) = T{x).i for 3 G Z(A, -), T G End A (X) and a; G X. Then, 

}E(x,y) = E(x.},y) = E(x,y.}) and l~U{x,y) = U{x.%,y) = U{x,y.i) 

for ir,t/ e .A, 3 € Z(A, -). 

4.1.4. (Gradings on £, J, § and It) Suppose that (:Ixl^yiisaA- 
graded hermitian form over (A, — ). Since £ is spanned by homogeneous elements 
of End^(X), £ is a A-graded subalgebra of End^(-X") with 



for r G A; and § is a A-gradcd subalgebra of 3 r . Moreover, if supp A (X) is finite or 
if X is a finitely generated A- module, then U is a A-graded subalgebra oi gl A (X) = 



4.2. The BC r -graded unitary Lie algebra bu(X,£). 

We have introduced three Lie algebras u(X, £), fu(X,£) and su(X,£) associated 
with a hermitian form £. A fourth Lie algebra bu(AT, £) will play a key role in the 
proof (but not the statement) of our structure theorem about centreless Lie tori of 



In defining bu(X,£) we make the following assumptions: 

(i) F has characteristic 0; 

(ii) r > 1; 

(iii) (A, — ) is an associative algebra with involution over F; 

(iv) £ : X x X ^ A is & hermitian form over (A,—) such that X = Xh yp _L X. 
where AT hyp and X an are .A-submodulcs of X; 5 

(v) AT hyp has an A-basis {x^f^ such that 

£(#i, Xj ) 6{j 

for 1 < i,j < 2r, where 



for r G A. 




(13) 



type BC 



i — 2r + 1 — i; and 
(vi) X an contains an element vo such that £(vo,v ) = 1. 
Let 



U = u{X,£), 3 r =fu(X,£), and §=su(X,£) 
as in Definition 4.1.1, and set 

hi Ui^Xij E{xi^ Xj) E(xi 7 Xi~j 

in 5F for 1 < i < r. It is straightforward to verify that 

[U(xi,v ),U(v ,x T )] = hi, 



(14) 



5 Later when we discuss unitary Lie tori in Chapter 6, the decomposition X = X hyp _L X- 
will be a Witt decomposition of f. 
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and hence hi G § for 1 < i < r. Also, if 1 < i < r, then 

hiV = for v G X an and hiXj = { S%3 f 3 ^ 1 7 \ 7 T . (15) 

J y —OtjXj if r + 1 < j < 2r 

Now let 

f) = ©I=i Vhi = ©V =1 Ftffc, a*). 
By (15), f) is an abelian subalgebra of § with basis {/ii, . . . , h r }, and f) acts diago- 
nally on X under the natural action. Indeed, for /j G f)*, suppose 

X M = {x G X I /is = ju(/i)a; for /i G t)} 

is the fi-weight space of f) in X. Let {si, . . . , e r } be the dual basis in t)* of 
{fti, . . . , h r }, and, as in 3.1.1, let e ? = — £j for 1 < i < r. Then 

X=(®t 1 X et )®X , (16) 

X £s = Xi .A for 1 < i < 2r, and X = X an . (17) 

Let 

Q = Zei © • • • © Ze r 

in [)*. By (16), X is Q-graded as an ,/l-module (if we assign the trivial Q-grading 
A = Ao to A) , and we have 

supp Q (X) = {0}U{e, I 1 < i < 2r}. 

Since suppg(X) is finite, it follows that the Lie algebra gl A (X) = ©„ e gflU(^)(u 
is Q-graded with 

flU(X) M = {T G flU(X) I TX V C for !/ G Q} 

(see 2.3.1 (g)). Moreover, £ is Q-graded (again assigning the trivial Q-grading to 
A), so 

U, 5F, and S are Q-graded subalgebras of gl A (X) 

(see 4.1.4). Notice that suppg(g[y l (X)) C — v \ fi, v G suppg(X)}, so we have 
supp (flU(X)) C A U {0}, where 

A = {e 4 I 1 < i < 2r} U {e, + e,- | 1 < i,j < 2r, j 7^ *} 

Thus the supports of §, 5", and U are also contained in A U {0}. Observe also that 
A is a root system of type BC r in ()*, and Q = Q(A) is the root lattice of A. 
We are now ready to introduce the Lie algebra bu(X,£). 

Definition 4.2.1. Let 

23 = bu(*,0 := <IC„ : ,1 G A) alg =J2 U » + J2^ U ~^ 

Then 23 is a Q-graded ideal of § which we call the BC r -graded unitary Lie algebra 
determined by £. 

4.2.2. The Lie algebras 23, § and 1 are Q-graded ideals of U and 

f)CSc§c jell 

by (14). So the Q-gradings on the Lie algebras 23, §, £F, and U are the root gradings 
relative to the adjoint action oft). 
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4.2.3. It should be noted that, unlike 2f and 8, the algebra 23 depends not only on 
(A,—), X and £, but also on a decomposition X = Ah yp _L A an , an .A-basis {xi} 2 ^ 
for Xhy P , and a distinguished element v a G A an . However, for simplicity we have 
suppressed this in the notation bu(X, £). 

The terminology in Definition 4.2.1 is justified by the following theorem that 
comes from [ABG]. 

Theorem 4.2.4. Let ¥ be a field of characteristic 0. 

(a) Suppose r > 1; £ : X x X — > ./I is a hermitian form over an associative 
algebra with involution (A,—) such that X = Xi lyp _L A a „ where Xh yp 
and X an are A-submodules of X; Xhyp has an A-basis {xi} 2 ^ such that 
(,(xi, Xj) — 8ij for all i,j = l,..., 2r, where i — 2r + 1 — i; and there is an 
element vq G X an with £(vo,Vo) = 1. Then 23 = bu(X, £) is a JiC r -graded 
Lie algebra with grading pair (fl, ()), where 



(b) Conversely, if r > 3 and £ is a HC r -graded Lie algebra, then L/Z{L) is 
isomorphic to H/Z(fB) for some HC r -graded unitary Lie algebra 23 as in (a). 
More precisely, if L is a BC r - graded Lie algebra for r > 3 with grading pair 
(fl,C,f),c) then there exists a BC r -graded unitary Lie algebra 23 (as in (&)) 
and a Lie algebra isomorphism ip : L/Z(L) — > 23/^(23) so </iai r/> maps the 
canonical image of (g&, [)£,) in L/Z{L) onto the canonical image of (g, f)) 
in 23/Z(23), w/iere g and f) are defined by (18) and (19). 

Proof. The results of [ABG] provide the proof of this theorem, but a translation 
of notation is required to apply them. Let C = (vo.A) in A an , and identify 
Ahyp © vq.A with A 2r+1 using the ordered .A-basis {x\, . . . , x r , vq, x r +i, . . . , X2 r } 
for Ahyp Vo.A. Then we have X = A 2r+1 ® C and ^ = w 2 r+i -L (— x), where 
^2r+i (rcsp. — x) is the restriction of £ to A 2r+1 (resp. C). With this translation, (a) 
and the first statement in (b) comprise [ABG, Thm. 3.10]. The last (more explicit) 
statement in (b) follows from the proof of the same theorem. (See Paragraph 2.5, 
Theorem 2.48, Paragraph 2.50, and the proof of Proposition 3.9 in [ABG].) □ 

Remark 4.2.5. Suppose that 23 = bu(X,£) and [) are as in Theorem 4.2.4 (a), 
and let ir : 23 — > 23/Z(23) denote the canonical projection. Now t) nZ("B) = (since 
^ U{v ,Xi) G U(X ,X £i ) C U ez C 23, and hence any element of f) n Zifh) lies in 
the kernel of e% for all i = 1, . . . , r). Thus, 7r|(, is a linear isomorphism of f) onto 
7r(f)). Consequently, the inverse dual of this map is a linear isomorphism of f)* onto 
7r(f))*. Later we will use this map to identify f)* and 7r(f))*. In this way, the induced 
Q-grading on 7r(23) can be regarded as the root space decomposition relative to the 
adjoint action of 7r(f)). 

The next two results provide us with detailed information about the root spaces 
of 23, 8, J, and It relative to the adjoint action of f). 

Proposition 4.2.6. 




(18) 



r 



I = ©f%,4 



(19) 
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(a) IfO^^E Q, then 2„ = S M = 9> = U„. 

(b) IfveQ, then % = E A , MGQ , A+AJ= „ U(X X ,X,). 

Proof. Part (a) is clear since U M C 23 C U for 7^ fi E Q. Part (b) follows 
from (13). □ 

Proposition 4.2.7. We have 

r 

? = J2U(xi.A,x T ) + U(X an ,X an ). (20) 
»=i 

Moreover, for each /j, E A, a general element of 3^ (= 1X^ = 8^ = 23 M ) can 6e 
expressed uniquely in the form indicated below. 

(a) jU = £j + £j, 1 < z =^ j < 2r, i ^ J: U(xi.a,Xj), a E A 

(b) /z = 2 ^i, 1 < « < 2r: 17(^.6, a;*), 6 e A_ 

(c) ii = Si, \<i<2r: U(v,Xi), v E X an . 

Proof. Applying Proposition 4.2.6(b), (17), (7) and (8), we obtain (20) and the 
existence of the expressions in (a)-(c). Also, the uniqueness is easily checked. 
For example, in (c), suppose that U(v,Xi) = 0, where v E X an . Then we have 
= U(v, Xi)xi = v. □ 

The following identities, together with Proposition 4.2.7, allow us to recover 
(A, — ), X and £ from the Lie algebra 23 and its root space decomposition. Each of 
these identities can be checked directly using (7) and (9). 

Proposition 4.2.8. Suppose that a, (3 E A, v,w E X an and 1 < i, j, k < 2r. Then, 

U(xi.a,xj) = —U(xj.a,Xi) (21) 

[U(xi.a,Xj),U(xj.p,Xk)]= U(xi.af3,x k ) ifk^ij, (22) 

[U(xi.a,Xj),U(v,Xi)] = -U(v.a,Xj), if j ^ i, (23) 

[U(v,Xi),U(w,Xj)} = -U(xi4(v,w),Xj) if 3±i. (24) 

Remark 4.2.9. Suppose that r > 2. It follows from Proposition 4.2.7, identity 
(23) (with a = 1) and identity (24) (with v = vq, w = vo.a and j = i) that the 
ideal of 23 generated by {23 £i+£j | 1 < i,j < 2r, i,j, T, J distinct} contains 23 M for all 
/1 E A and hence equals 23. 

For use in the construction of extended affine Lie algebras (see Section 7.3), we 
now determine the centroid of the BC r -graded unitary Lie algebra 23. This has 
been done previously in [BN, Thm. 5.8], where 23 is presented in a different way 
(using the module decomposition of 23 relative to the adjoint action of the grading 
subalgebra), and we could transport that result to our setting. However, for the 
convenience of the reader, instead we include a direct proof in the present setup. 

Proposition 4.2.10. For 3 E Z(A,-), define M } : End^(X) End A (X) by 
M i( T ) = l T f° r T e End yl (X) (see 4.1.3). Then the map 3 M 3 | 3 is an algebra 
monomorphism of Z(A, — ) into Cent(23). Moreover, when r > 3, this map is an 
isomorphism. 

Proof. One can verify directly that the map 3 — > M 3 is an algebra homomorphism 
of Z(A, — ) into the centroid of the associative algebra Endyi(X). Further, by 4.1.3, 
M 3 stabilizes 5" for 3 E Z(A,—). Therefore, M } \gr lies in the centroid of so it 
stabilizes the root spaces of J relative to f). Thus, M 3 stabilizes 23, and so M 3 |s 
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lies in the centroid of ¥>. To see that the map 3 — > M 3 |s is injective, suppose that 
M3I23 = where 3 G Z(A, -). Then £/(v -3, a;*) = M,[/(t>o, a;*) = for 1 < i < 2r, 
so «o-3 = by the uniqueness in Proposition 4.2.7 (c). Hence, 3 = £,(v 07 v .],) = 0. 

Now let r > 3 and T G Cent(S). We show that T = M 3 for some 3 G Z(.A, -). 
Set J = {1, ...,2r}. By Proposition 4.2.7, if M,j are distinct in J, then any 
element of the root space of H corresponding to Si + Sj can be written uniquely in 
the form U(xi.a,Xj), where a G A. Since T must stabilize root spaces, when j 
are distinct in J, there exists a unique G Endp^) such that 

T(U(xi.a,Xj)) = U{x i .T lj {a),x j ) 

for aeA 

Applying T to equation (22), we see that 

r lk (a/3) = a Tjk (/?) = Tij (a)(3 (25) 
for i,i,j,j,k,k distinct in J. The special cases of a = 1 and (3 — 1 then tell us that 

Tik = Tj k = Tij (26) 

when i,t,j,j,k,k are distinct in J. Now if are distinct in J, then since r > 3, 
we can choose k G J with i,i,j,j,k,k distinct, in which case = = Tjj, and 
similarly = r^. So any with j distinct in J equals one with i,j distinct 
in {1, . . . ,r}, and in that event, it follows easily from (26) that m is independent 
of the choice of We let r denote this common map. From (25) we know that 
t G Cent (.A), and therefore 

r(a) = 3a = 

for a G A, where 3 = t(1) G Z(A). Now applying T to equation (21), we see that 
U(xi.r(a),Xj) = —U(xj.r(a),Xi) = U(xi.r(a),Xj) for a € A, i,T,j distinct in J. 
So t commutes with — . Hence 3 G Z(A, — ). 

Finally, T' :=T — M 3 sends the root spaces 25 £i+£j , with i, j, T, J distinct in J, to 
so T = by Remark 4.2.9. □ 

5. HERMITIAN FORMS AND UNITARY LIE ALGEBRAS OVER ASSOCIATIVE TORI 



The results we develop in this chapter on graded hermitian forms and unitary 
Lie algebras over associative tori with involution will be used in the next chapter 
to construct unitary Lie tori of type BC r . 

5.1. Associative tori with involution. 

Suppose that L is an additive abelian group. 

Definition 5.1.1. An associative L-torus is an L-graded associative algebra A 
such that A a is spanned by an invertible element of A for each a G L. (In other 
language, an associative L-torus is a twisted group algebra of L [P, §1.1.2].) If "— " is 
a graded involution on such an A, then A is an associative L-torus with involution. 

Remark 5.1.2. If L is free of finite rank, the associative L-tori with involution 
have been classified by Yoshii in [Y2]. We will return to this setting in Section 7.1. 

The following fact is stated in [BGK, Prop. 2.44 (iii)] when L is free of finite rank, 
and for arbitrary L in [N3, 7.7.1]. For the convenience of the reader, we supply a 
proof. 
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Lemma 5.1.3. If A is an associative L-torus, then A = Z(A) © [A, A]. 

Proof. To show that Z(A) D [A, A] = 0, suppose the contrary. Then since A is an 
associative L-torus, we know that [AjA]' 7 = Z{A) a is one-dimensional for some 
a £ L. So 7^ [a, (3] £ Z{A) a for some nonzero homogeneous a, (3 £ A. Since A a 
is one-dimensional, [a, [3] = -da/3 for some i3 £ F x . So = [a, [a, (3]] = d[a, a(3] — 
da[a, (3} = "d 2 aa(3, and since a,/3 are invertible $ = 0, a contradiction. 

To show that A = Z(A) + [A, A], it is enough to prove that any homogeneous 
element a of A \ Z(A) is in [A, A]. Now a[3 ^ (3a for some nonzero homogeneous 
(3. So (3a = 8a(3, where 5 £ F x and 6 ^ 1. Then [a(3-\(3] = (1 - <5)a, so 
ae[A,A]. □ 

5.1.4. If A is an associative L-torus with involution, then since A is finely graded 
with support L, we have L = L + l±l L_, where W denotes disjoint union. (See 
2.3.1 (c).) 

5.1.5. Now suppose that L is a subgroup of an abelian group A and A is an 
associative L-torus. Then A is a graded division algebra (in the sense that each 
nonzero homogeneous element in invertible), so A-graded A- modules have proper- 
ties analogous to modules over a division algebra. In particular, if X is such a 
A-graded A-module, every homogeneous A-spanning set of X contains a homoge- 
neous A-basis of X; every homogeneous A- independent set in X is contained in 
a homogeneous A-basis of X; X is a free A-module with a homogeneous A-basis; 
and any two homogeneous A-bases for A have the same cardinality [RTW, p. 100]. 
We define the rank of X over A, denoted by rankyi(X), to be the cardinality of a 
homogeneous A-basis for X. 

If a £ A and B a is an F-basis for X° ', then B a is also an A-basis for X a .A, so 

rank yl (A' T .A) = dim F (A CT ). 

Let S = supp A (X). Then L + S C S, so S is the union of cosets of L in A. 
Let S/L = {a + L | a £ S} in A/L. Then X = © CTee X a .A, where 6 is a set of 
representatives of the cosets in S/L, and 

rank^(A) - £ ffe e dim F (A-), (27) 

where the right-hand side uses the arithmetic of cardinal numbers. 

5.2. Hermitian forms over associative tori with involution. 

Throughout Section 5.2, we assume L is a subgroup of an abelian group A and 
(A, — ) is an associative L-torus with involution. Recall that we are regarding (A, — ) 
as a A-graded associative algebra with involution (as in 2.3.1 (a)). 

Definition 5.2.1. Suppose that £:AxA^Aisa A-graded hermitian form 
over (A,—). We say that £ (or X) is anisotropic 6 if £(x, x) ^ for all nonzero 
homogeneous x £ X. An A-submodule Y of X is totally isotropic if £(y,y') = 
for all y, y' £ Y. When the form £ on X is nondegenerate and X is the orthogonal 
direct sum of two totally isotropic graded A-submodules, then we say that £ (or 
X) is hyperbolic. When X has a homogeneous A-basis {x,y} such that £(x, y) = 1 
and £(x,x) = = £(y, y), then £ (or X) is called a hyperbolic plane. 

"if A is torsion-free, then A can be ordered, so it is easy to check that our graded definition of 
anisotropic is equivalent to the usual ungraded definition of anisotropic, namely that £(rr, x) ^ 
for all + x £ X [RTW, p. 101]. 
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5.2.2. Suppose that £ : X x X — > .A is a nondegenerate A-graded hermitian form 
over (.A, — ), and X has finite rank over A. If T is a graded ./l-submodule of X, 
then Y" 1 - is a graded .A-submodule of X and rankyi(y ± ) + rankyi(F) = rank/i(A). 
Hence if £,\yxy is nondegenerate, then X = Y © Y- 1 . 

Using the results of [RTW, Sec. 1], we can prove the following analogues of 
classical facts about finite-dimensional hermitian forms over division rings: 

Theorem 5.2.3. Let £ : X x X ^ A be a nondegenerate A-graded hermitian form 
of finite graded F '-dimension over an associative L-torus with involution (A, — ). 

(a) If £ is hyperbolic, and hence X = W\ © Wi , where W\ and Wi are totally 
isotropic graded A- submodules of X , then rankyi(H /r i) = rank^Wb), and 
X is the graded orthogonal sum of hyperbolic planes, where the sum runs 
over an index set of cardinality rank/i(Wi). 

(b) //£ is anisotropic, then X has an orthogonal homogeneous A-basis. In fact, 
any orthogonal set of nonzero homogeneous elements of X is contained in 
an orthogonal homogeneous basis of X over A. 

(c) There exist A- graded A- submodules Xh yp and X an of X such that 

X Xhyp _L X an , 

ihyp = £\x hyp xx hyp is hyperbolic, and £ an = £\x an xx an is anisotropic. More- 
over, if X = X' hyp _L X' an is another such orthogonal decomposition, then 
there exists an A-linear graded isometry from X to X that maps Xh yp to 

X 'h V p and X an to X' an . 

Proof. We may assume that 1^0. We define an equivalence relation ~ on A by 
saying r ~ a if and only if r = ±<r (mod L). If a G A, we set X(a) = J2 T ~a ^ T ■ 
Let R denote a set of representatives of the equivalence classes for ~. Then, any 
homogeneous element of X is in X(a) for some a E R; X =± ae ji X(a); and, if Y is 
any graded yi-submodulc of X, Y =_L CTe ^ YDX(a). Thus to prove the theorem, we 
can assume that X = X{a) for some a E A. Hence, we have X = X a .A + X~ a .A. 
Thus rank yl (A) = dim ¥ (X' J ) if 2cr 6 L, whereas rankyL(A) = 2dim F (A <J ) if 2cr ^ L. 
So X has finite rank over A. Then (a) and (b) are easily checked (using 5.2.2). 
Moreover, (c) follows from [RTW, Prop. 1.4 (iv)]. However, a few words are needed 
to justify the use of this proposition. Indeed, it is assumed in [RTW] that the 
grading group A is torsion- free and divisible. But the proof of [RTW, Prop. 1.4 (iv)] 
does not use that assumption, provided we interpret \L as {a E A \ 2a E L}. □ 

Definition 5.2.4. Suppose the assumptions of Theorem 5.2.3 hold. 

(a) A decomposition X = Ah yp T A an as in Theorem 5.2.3 (c) is said to be a 
Witt decomposition of £ (or X). In that case we write 

A hyp = supp A (A hyp ) and A an = supp A (X an ). 

Note that by Theorem 5.2.3(c), these subsets of A are independent of the 
choice of Witt decomposition. 

(b) By assumption Ah yp = W\ © W2, where W\ and W 2 arc totally isotropic 
A-graded .A-submodules of X. The Witt index of £ (or X) is defined as 
rankyi(VKi) = rank^(M / 2 )- It follows from Theorem 5.2.3 (c) that this 
index is independent of the choice of Witt decomposition, and it is clear 
that it does not depend on the decomposition A hyp = W\ © W 2 ■ 
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In our setting, anisotropic forms have the following characterization: 

Proposition 5.2.5. Suppose the assumptions of Theorem 5.2.3 hold. If £ is finely 
graded and 2supp A (Jf) C L, then £ is anisotropic. Moreover, the converse holds if 
F is algebraically closed. 

Proof. "=>" Suppose the contrary that £(x, x) = for some ^ x G X a , a G A. As 
2cr G L, it follows that x.A^ 2lJ ^ 0. But since X is finely-graded, X~ a = x.A~ 2a 
and hence £(x, X~ a ) = 0, a contradiction. 

"<S=" By the argument in the proof of Theorem 5.2.3, we can assume that X = 
X a .A + x- a .A for some a G supp A (A). But ^ £(X <J ,X a ) C A^ , so 2cr G L. 
Hence, 

X = X a .A, 

so 2supp A (A) = 2(<t + L) C L. It remains to show that dimF(X CT ) = 1. For this 
fix ^ a G yi+ CT . We can define an F-bilincar form / : X a x X a — ► F such that 
£,(x,y) = f{x,y)a for x,y G A'' 7 . Then, / is symmetric and anisotropic (in the 
usual ungraded sense). Hence, since F is algebraically closed, dim(A" CT ) = 1. □ 

5.3. Unitary Lie algebras over associative tori with involution. 

In Section 5.3 (except in the final Remark 5.3.9), we assume that L is a subgroup 
of an abelian group A, that (A, — ) is an associative L-torus with involution, and 
that £ : X x X — > A is a nondegenerate A-graded hermitian form of finite graded 
F '-dimension over (A, —); and we fix a Witt decomposition X = Xh yp J- X an of £. 

By Theorem 5.2.3 we can choose a homogeneous .A-basis {xi}i e i for X and a 
permutation i >—> % 7 of period 2 of I, such that 

£(xi,Xj) = (%7; (28) 

for i, j G I, where each 7, is a homogeneous invertible element of A, and such that 

x h yp = ® ieJ Xi.A and X an = Q) ieK Xi.A. (29) 

where 

3 = {iel\i^i} and K = {iel\i = i}. 
In this section, we fix a choice of such a basis {xi}^ and we fix a total ordering 
of the (possibly infinite) index set I. Our goal is to use the basis {xi}i e i to 
deduce more information about \u(X, £) and su(X, £). 

The elements % and the bijection i 1— > 1 are uniquely determined by the basis 
{xi}iei- Also (28) implies that 

(30) 

for i G I. 

As in Definition 4.1.1, we let 

£ = e(AT,0, U = u(X,£), 3 r =fu(AT,C), and S=su(X,£). 

5.3.1. (Matrix notation and the trace map) We adopt matrix notation 
relative to the basis {xi}i el , which enables us to introduce a trace map on £. 

(a) For i,j G I and a G A, let eij(a) denote the endomorphism in Endyi(X) 
given by 

e i0 (a)x t = S jt Xi.a (31) 



We have two maps, the involution a — > a of A and the permutation i — > 1 of I. The context 
will make it clear which of these is intended. 
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for tel. Then one verifies using (28) that 

E(xi.a, Xj.f3) = eij(afijj) and so ejj(a) = E(xu Xj.^j^a)) (32) 
for i, j e I, a, [3 e A. Thus, each eij(a) is in £ and 

£ = J2 e *M)- ( 33 ) 

In fact, this sum is direct, and each element of £ can be written uniquely in the 
form eij(aij), where G A for all Moreover, we have 

eij{a)e k e(P) = 5 jk eu{af3) (34) 

for i,j,k,£ £ I, a, (3 £ A, and so £ can be regarded as the associative algebra of 
(I x I)-matrices over A with finitely many nonzero entries. 

(b) The trace map on £ is the additive map tr : £ — > A so that 

tr (ejj(a)) = (35) 

for i,j e I, a e .A. One easily checks using (34) that 

tr(TiT 2 ) = tr(T 2 Ti) (mod [.A, .A]) (36) 

for Ti,T 2 G £. Also if i,j G I and a, (3 G .A, then we have tr (E(xi.a, Xj.p)) — 
tr (ejj(o!/37j)) = 5ija(3fj = Sijf3-fja (mod [.A, .A]) and so 

tr (£J(xi.a, Xj.(3)) = £(xj.(3, Xi.a) (mod [71, A]). 

Hence for all x, y G A, 

ti(E(x,y))=£(y,x) (mod [.A, A]). (37) 

Consequently, modulo [A, A], the trace function is independent of the choice of 
basis {xi}i£j. (This is also easy to see directly using (36).) 

(c) It follows from (37) that 

tr{U(x,v))=Z(y,x)-Z(x,y) (mod [A, A}). (38) 

(d) Recall from 4.1.1 (d) that we have an involution * on £, which satisfies 
E(x,y) = E(y,x)* for x,y G X. One can check using (4), (30) and (32) that 

e»j(«)* = e^T^aii) (39) 

for i,j G I and a G A. 

(e) For i,j G I and aei, set 

«*»i(a) = ejj(a) - e y -(a)* = e y -(a) - e^T" 1 ^) (40) 

so that 

u ij( a ) = -Ujihi^n)- 

Then (32) can be used to show that 

U(xi.a, Xj.p) = Uij(afijj) and so Uij(a) = U(xi, Xj.^^a)) (41) 
for i,j e I, a, ft e A. Thus, 

^ = E^)- 

Remark 5.3.2. If X has finite rank over A, it follows from (33) that £ = Endyi(X) 
and hence, by virtue of (3), that 5" = U. 



UNITARY LIE ALGEBRAS AND LIE TORI 



20 



In the next two propositions, we use {/-operators and then matrix notation to 
to express each element of J uniquely and to calculate its trace. 

Proposition 5.3.3. We have 

3 r =J2u(x i .A,x j .A) (42) 
i,jei 

with 

tr (U(xi.a, Xj-fi)) = Sij(aPqi — "fi(3a) (mod [./I, .A]) (43) 
for a, (3 G A. Each element in J can be expressed uniquely in the form 

U(xi.a ij ,Xj) + '%2u(xi.bi,Xi), (44) 
i,jei,i<j iei 

where ctij G A and hi G A-. 

Proof. Equation (42) follows from the definition of 3\ By (38), we have 

tr (U(xi.a, Xj./3)) = £(xj./3, Xi.a) — £(xi.a, Xj.lS) = [38ji^ja — aSiffip 
= 5i 3 {a[]rfi - 7i/3a) (mod [.A, .A]). 

Finally, by (42), (7), and (8), each element of 1 can be expressed in the form given 
in (44). Uniqueness of the expression in (44) comes from (40) and (41). □ 

Proposition 5.3.4. We have 

ctij G A, ctji = -^j 1 tT~^ l fori,jel\, (45) 



J= 12 Ui ^ A ) = \ 12 e a( a ij) 



with 

tr (uij{a)) = 5ij(a - a) (mod [A, A]) (46) 
for a, (3 G A and i,j G I. Each element of 1 can be expressed uniquely in the form 

12 ui o( a ij) +12 ua ( bi ^ ( 47 ) 

where c>ij G A and hi G A- . 

Proof. The equalities in (45) follow from (41) and (40). Also, since 

tr (ujj(a)) = Sija - 5 Vl ~ij l a^i, 

we have (46). Finally, the last statement in the proposition follows from the last 
statement in Proposition 5.3.3 and (41). □ 

In view of (45), we can regard J as a Lie algebra of skew-hermitian (I x I)- 
matrices over A 8 

We now prove the main result of this chapter which gives a simple and convenient 
description of the Lie algebra § and some of its properties. This theorem was shown 
to hold in a special case in [AABGP, Prop. III. 3. 14 and Lem. HI.3.21]. 



8 If 

i = i and 7; = 1 for all i 6 I, then is the usual Lie algebra of skew-hermitian matrices. 
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Theorem 5.3.5. Suppose that £ : X x X — > A is a nondegenerate K-graded hermit- 
ian form of finite graded W-dimension over an associative L-torus with involution 
{A, —), X = Xhy P _L X an is a Witt decomposition of £, and Xh yp ^ and X an ^ 
(that is £ is not anisotropic or hyperbolic). Let S = su(X,£) and 1 = fu(X,£). 
Then 

(a) § = {Te? tr(T) = (mod [.A, .A]) }. 

(b) S is generated as an algebra by U(Xh yp ,X an ). 

(c) Suppose that the rank of X over A is infinite or finite and not divisible by 
char(F) (which holds in particular i/char(F) — 0). Then Z(§) = 0. 

(d) Under the assumptions of (c), let m : A — > F be the L-graded projection 
onto A = Fl = F (where F has the trivial grading). Then 

(Ti | T 2 ) := n7(tr(TiT 2 )) 

defines a K-graded nondegenerate associative symmetric bilinear form on £ 
whose restriction to 5F and to S is nondegenerate. 

Proof. Since Xh yp ^ and X an ^ 0, the sets J and K in (29) are nonempty. Further 
since X = X hyp © X an and £(X hyp ,X an ) = 0, we know that U(X hyp , X hyp ) maps 
X hyp to X hyp and X an to 0; [/(X an ,X an ) maps X hyp to and X an to X an ; and 
J7(Xh yp ,X an ) exchanges Xh yp and X an . Therefore 

J = t/(X hyp , Xhyp) © ?7(X an , X an ) © (7(X hyp , X an ). (48) 

(a) and (b): Let §i denote the subalgebra of J generated by [/(Xh yp , X an ), and 

set 

§2 = { T G 3 | tr(T) = (mod [A, A]) }. 
To prove (a) and (b), we must verify that Si = S = §2- We do this by showing that 

Si G S G S2 C Si- 

First, if i G J and x" G X an , then (9) implies that [U(xi, Xj), U(xi, x")] = 
U(U(xi,x T )xi,x") = U(xi.Yi,x"). Thus, U(xi.Ti,x") G = S. Since 77 is 
invertible, U(Xh yp ,X an ) C S by (7) and so Si C S. 

The containment S C S2 is a consequence of (36). 

Finally, we assume that T G S 2 and show that T G Si. Since U{X\ lyp ,X an ) C Si, 
we can suppose by (48) that 

T G (U(X hyp ,X hyp ) © U{X an ,X an )) n S 2 . 

Now if x',y' G Xhyp and x" , y" G X an , we have 

[U{x', x"), U(y', y")} = U(U(x', x")y' , y") + U(y', U(x>, x")y") 

= -U(x".Z(x', y'), y") + U(y', x'4(x",y")) 

and so 

U(x".Z(x',y'), y") - U(y', x'.^x",y")) G Si. (49) 

If we take x' — Xi and y' — a^/y," , where i G J, then ^(ir', y') — 1 and so U (x",y") — 
U(y', x'.£(x",y")) G Si. Subtracting elements of this form from T, we can assume 
that 

TGf/(x h yp,x h y P )ns 2 . (50) 

For the rest of the proof of (b), we fix j G K and let 

x" = Xj , 7 = 7j - = £,{x",x") and y" = a/'/y -1 . 
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Since £(x",y") = 1, we have U(x".£(x', y'), x".-/- 1 ) - U(y',x') G Si by (49). Thus 
U(x',y') + U(x", a/'/y" W> x')) G Si (51) 
for x',y' G Xhy P . Subtracting such elements from T, we can suppose that T G 
U(x", x".A) n S2 (of course we are no longer assuming (50)). Now by (8), we see 
that T G U(x", x" .A-) fl §2, so we can assume 

T = U(x", x".b), 

where b e A- Then by (38), tr(T) = -£(&", x".b) + £(x".b, x") = -£(x",x")b - 
b£(x", x") = -76 - 67 and so 76 + 67 G [A, A]. Therefore 76 G [A, A] and so 

T G U(x", x".j- 1 [A,A}). 

Now for a;', y' G Xh yp and a G .A, 

C/(x'.a, y') + U(x", x" .7-^(2/', s'.a)) G Si 

and 

U{x\ y'.a) + U{x", x" .^^{y' .a, x')) G Si 
by (51). Taking the difference, we get U(x", x" .^~ x [£(?/', x'), a]) G Si. Since 
£(A hyp , JT hyp ) = A, we have U(x", x" .j~ x {A, A]) C Si; hence T G Si and S 2 C Si. 

(c) Assume T = J2i,jei e v( a v) e ^( S ) and sct U k ■= u kk (l) = e kk (l) - e kk (l) 
for k G J. By (35), tr(C4) = 0, and so U k G S by (a). The relation £/ fe T = TJ7 fe 
implies that 

E e k 3 ( a kj) - E e kj( a kj) = E e ik {a lk ) - E e ik( a ik)- 

j j i i 

Hence, it must be that <Xi k = = a ik and a k j = = a kj for i,j ^ k,k and that 
a kk = = a kk for all k G J. Thus, we may assume 

T=J2 ( e kki a k) - e^h^aPTfc)) + E ^("v). ( 52 ) 

where Oji = — lj CHjli for i,j G K. Suppose f £ J, f < and to G K. Then 

uem(P) = eem(ff) — e ml{lrn file) belongs to S, as it has trace for all (i G A. From 
ut m {(3)T = Tui m {(3) wc deduce 

<W(7m 1 /?3?y*) + X! e ej(P a rnj) = ei m {atl3) - E e i g(a im 'y~ 1 0'ye)- (53) 

j£K iGK 

Therefore, (3a m j = for all j G K, j 7^ to, and all (3, forcing a m j = for all j 
different from to. Moreover, it follows from (53) that (3a mm = aefi for all (3 G A. 
In particular when /3 = 1, we obtain = a mTO for £ G J, to G K. Since both J and 
K are assumed to be nonempty, there is a unique element of A, call it so that 
( — a£ — a mm for all I G J, to G K, and £ G Z{A), as it commutes with all /3. The 
(TO,£)-term of (53) gives 7" 1 /3C% = -Cl^H for all /? G A. Taking /? = 1 and 
using the fact that £ is central, we see that Q = so that ( G .A_. Substituting 
these results back into (52), we have 

T=Y (efcfc(C) - ^(7*^7*)) +E e «(0 = E e "(0- (54) 
feej jeK sei 

k<k 

Since elements of S are finite sums, it must be that £ — when |l| = 00. Thus, 
the centre is trivial when I is infinite. So we may assume that |I| is finite and not 
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divisible by the characteristic of F. Then since tr(T) = (mod [.A, .A]) by (a), we see 
from (54) that = |l|C (mod [A, A]). Then, C e [A, A] and T = R ( , where R ( (x) = 
x.( for all x e X. We have proved that Z(§) C {R ( \ ( e Z(A) n A_ n [A, A]}. 
Thus, by Lemma 5.1.3, Z(S) = 0. 

(d) The same proof given for [AABGP, Lem. III. 3. 21] works here. That argument 
uses part (c) above, Lemma 5.1.3 and the equation w(tr(T*)) = w(tr(T)) for T e £. 
This last equation can be checked for example using (37). □ 

Corollary 5.3.6. Under the hypotheses of Theorem 5.3.5, suppose that Te? has 
an expression 

T = Hi<j u { x i- a ih x o) + J2 t U{xi.bi, Xi) 
as in (44) (resp. T = J2i<j u i3( a ij) + J2i u ii(hli) as in (47) j. Then T e S if and 
only if 

Y.i<i( a iiTi ~ 7»"i?) + J2 l= i(h% + 7»&i) = (mod [A, A]) 
(resp., J2i<i( a a -"il) +X^=j( & *7i + 7»&») = (mod [A, A]),). 

Proof. This follows from Theorem 5.3.5 (a) and a calculation of tr(T) using (43) 
(resp. (46)). □ 

We now use matrix notation to give an explicit description of the A-gradings on 
£ and 1 induced by the A-grading on X. 

Proposition 5.3.7. Let pi — deg A (x^) for i e I. Then, deg(7i) = pi +(% for i 6 I. 

Moreover, the A-gradings on £ and 2f are given respectively by 

deg A (e 4J (a)) = p t - p 3 + dcg A (a), 

de gA(^'(a)) = Pi- Pj + dcg A (a) (55) 
for a homogeneous in A, i,j E K. 

Proof. The first relation follows from the fact that ji — ^{xi,Xj), The remaining 
equations come from the definition of the gradings (see 4.1.4), (32) and (41). □ 

Remark 5.3.8. If £ not hyperbolic or anisotropic, Proposition 5.3.7 also tells us the 
A-grading on §, since we know the precise form of elements of 8 by Corollary 5.3.6. 

Remark 5.3.9. For the sake of clarity and ease of reference, in this section we 
have chosen to work in the context of graded hermitian forms over associative tori 
with involution. However, most of the results of Section 5.3 hold in a more general 
ungraded setting. Indeed, suppose that {; : X x X ^ A is & hermitian form over 
an associative algebra with involution (A, — ) on a free A-modulc X with A-basis 
{xi}i£i satisfying (28), where ji is an invertible element of A for i € I, and jmj 
is a permutation of period 2 of I; and suppose that we define submodules X\ lyp 
and X an by (29). Then all of the results of the section hold (with the same proofs) 
except for Theorem 5.3.5 (c), Theorem 5.3.5 (d) and Proposition 5.3.7. The last two 
of these make no sense in the ungraded setting. In the case of Theorem 5.3.5 (c), 
the same proof shows that the following statement is true: If |l| is infinite, then 
Z(§) = 0; and if |l| is finite and not divisible by char(F), then 

Z(S) = {R c | C G Z{A) n A_ n [A, A]}, 

where Rq : X — > X is defined by R^x = x.( for x e X. Indeed, the proof of 
Theorem 5.3.5 (c) establishes all of this except for the inclusion "D" which is easily 
checked using the fact that T = R^ can be expressed as in (54). 
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6. UNITARY LIE TORI AND THE MAIN THEOREMS 

Throughout this chapter, we assume that F has characteristic 0. 

We use the special unitary Lie algebra to give a construction of a centreless Lie 
A-torus of type BC r and refer to the resulting algebra as a unitary Lie A-torus. 
Then we show that if r > 3, any centreless Lie A-torus of type BC r is obtained in 
this way, and we determine when two such unitary Lie A-tori are bi-isomorphic. 

6.1. Construction of unitary Lie A-tori. 

Assumptions 6.1.1. Throughout Section 6.1 we assume that: 
(HI) r is an integer > 1 and A is an abelian group. 

(H2) L is a subgroup of A, and (A, — ) is an associative L-torus with involution 
over F (which we regard as A-graded by setting A a = for a E A \ L). 

(H3) £ : Xx X ^ A\s & nondegenerate A-graded hermitian form of finite graded 
F-dimension and Witt index r. 

(H4) For some Witt decomposition X = Xh yp _L X an (and hence for all Witt 
decompositions of £ by Theorem 5.2.3(c)), 

(a) A hyp = L, 

(b) the restriction of £ to X® n represents 1, 

(c) X an is finely graded. 
(H5) X has full support in A. 

Remark 6.1.2. It follows from Proposition 5.2.5 that (H4)(c) is redundant if F is 
algebraically closed. 

6.1.3. (The construction) Let 

j = fuLx>0 and s = su(a:,o, 

so S C J. 

To define gradings on 5" and §, and to study the properties of 2r and §, we select 
an .A-basis for X. Indeed, by Theorem 5.2.3 (a) and (b) and by (H4)(a) and (b), we 
can choose a homogeneous A-basis {xijiei for X satisfying the following properties: 
X = Xhy P _L X an is a Witt decomposition of £ with 

Ahyp = CO Xi.A and X an = Xi.A, 

where I = J ttl K with J = {1, . . . , 2r}; deg A (xi) = for i <E J and deg A (a;fc ) = for 
some k E K; and 

for i, j E I, where i i— > % is the permutation of I defined by 

i = 2r + i — 1 for i E J and i = i for i E K, 

and where ji is nonzero and homogeneous in A for i E I with 

7» = 1 for i E JU {k }. (56) 

We note that J, K, Xh yp , X an , ko, the permutation i i— > i of I, and the set {7i}iei 
are completely determined by this choice of .A-basis. We call {xi}i el a compatible 
A-basis for £. 
We let 

Pi = deg A (a;,) for i G I, (57) 
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so that 

Pi = for i e J U {fc } and 7, = ^(xi,x T ) E A 2 / z for i e I. (58) 

We set v = Xk and observe that then £(vo, £>o) = 1- 

We are now ready to define the gradings on jF and §. First, we have the assump- 
tions of Section 4.2, and as in that section, wc let 

r 

f) = (J) F/i i; where hi = U {xi,Xj) for 1 < i < r, (59) 

i=l 

and 

A = {e, I i e J} U {e t + Ej I i,j G J, j 7^ »}, (60) 
where {ei, . . . , e r } in [)* is the dual basis of {/ii, . . . , h r } and = — for 1 < i < r. 
Thus, A is a root system of type BC r in f)* with root lattice 

The natural action of [) on X gives the weight space decomposition, 

with suppg(X) = {0} U {ei I i E J} and 

X Ei = ajj.^l for ie J and X n = X an . 

It is clear that this grading is compatible with the given A-grading on X, so X is 
(Q x A)-graded with 

xi = x^ n 

for p e Q, cr e A. The (Q x A)-grading on A" induces a(Qx A)-grading on 3" with 

^ = E P+ff=T Ea+,=, ^(^a P , (61) 

for v e Q, r G A (see 4.1.4). Also, since S is generated by homogeneous elements of 
5F, it follows that S is a (Q x A)-graded subalgebra of £F. The A-gradings on 5" and § 
are induced by the A-grading on X, so they do not depend on our choice of compat- 
ible basis; and the Q-gradings on these algebras are the root space decompositions 
relative to the adjoint action of () (as in Section 4.2). 

6.1.4. We will see in Theorem 6.6.1 that the graded Lie algebras 5F and § just 
described are independent up to bi-isomorphism of the choice of a compatible A- 
basis {xi}i£j for £. We will also see in Theorem 6.3.1 (a) that S is a centreless 
Lie A-torus of type BC r . In anticipation of these results, we adopt the following 
terminology: 

Definition 6.1.5. The (Q x A)-graded Lie algebra S = su(X, £) constructed in 
6.1.3 is called the unitary Lie A-torus (of type BC r ) constructed from £. 

6.2. Properties of unitary Lie tori. 

Our assumptions throughout this section are those of 6.1.1. Wc fix a compatible 
yi-basis {xi}i e j for £ and use the notation of 6.1.3. We record some properties of 
the (Q x A)-graded Lie algebras J and § as well as of the A-gradcd .A-module X. 

We have the assumptions of Section 4.2, so we can construct BC r -graded unitary 
Lie algebra 23 = bu(X, £) as in that section. Also, we have the assumptions of 
Section 5.3, so we can apply the results of that section. 

Proposition 6.2.1. 
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(a) § = { TeJ| tr(T) = (mod [.A, -A])}. 

(b) § is generated as an algebra by X^gj^e • Consequently § = 23. 

(c) Z(S)=0. 

Proof. Parts (a) and (c) are proved in Theorem 5.3.5 (a) and (c). For (b), we have 
by Proposition 4.2.7 (c) that U(X hyp ,X aa ) = U(J2 ieJ ^.A, X an ) = £ ieJ S e «. Thus, 
Theorem 5.3.5 (b) gives us the first statement of (b). The second assertion in (b) 
then follows from the definition of 23 — bu(X, £). □ 

Next we describe some properties of the groups A and L, the support sets for 
X, Xhyp and X an , and the modules X and X an . 

Lemma 6.2.2. 

(a) L = A hyp C A a „ ; supp A (A) = A an and (A on ) = A. 

(b) 2A an C X+ and 2A C i C A. 

(c) A a „ = W ieK (/0 4 + L) = W ieK (-Pi + £)■ 

(d) If A is /ree o/ rank n, then L is free of rank n. 

(e) rank A (X an ) = \A an /L\ and ia,nk A (X) = 2r + mnk A (X an ) . 

(f) rankyi(X) is finite if and only if \A/L\ is finite. 

(g) If A is finitely generated, then v&nk A ( X) is finite. 

Proof, (a) The first statement follows from (H4)(a) and (b); the second statement 
follows from the first; and then the third statement follows from (H5). 

(b) If a £ A an , then there exists a nonzero x G X an , so ^ £(x,x) G A 2 ° and 
hence 2a G L + . So 2A an C L + ; hence 2A C L since (A an ) = A. 

(c) This is clear since {xi}i &K is an .A-basis for X an . (We know that pi + L = 
-pi + L for i G K since 2A C L.) 

(d) follows from (b). 

(e) follows from (27) since X an is finely graded. 

(f) The group A/L is generated by the set A an /i by (a). Hence, since A/L has 
exponent 2 by (b), we see that A/L is finite if and only if A an /L is finite. The claim 
now follows from (e). 

(g) Since A/L has exponent 2, (g) follows from (f). □ 

The next example, which is a special case of the construction in [Y3, §7], shows 
that X may have infinite rank over A. 

Example 6.2.3. Suppose A is an abelian group and L is a subgroup of A con- 
taining 2A. Let A = ¥[L] = © CTeL Ft CT (the group algebra of L) with the identity 
involution — ; let X = A 2r ©F[A] with the natural A-grading and the natural right 
^4-module structure; and let £ : X x X — > A be the unique symmetric yi-bilinear 
form such that £(e,,ej) = where ei,...,e 2r is the standard basis for A 2r , 
£(yi 2r ,F[A]) = 0, and £(t <T ,t T ) = 5 a+L ^ +L t a+T for cr, t G A. Then Assumptions 
6.1.1, with Xhyp = A 2r and X an — F[A], are easily verified. If A/L is infinite, X 
has infinite rank over A. 

If fi G A and a G A, then "S" = S° by Proposition 4.2.6 (a). We now describe 
these spaces explicitly. 

Proposition 6.2.4. Let fie A and a G A. In each of the following cases, a general 
element of S° has a unique expression in the indicated form. Moreover, if p and a 
are not covered by any of the cases below, then = 0. 
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(a) /! = Ei + Ej, 1 < i < j < 2r, j ^ i, a € L: U(xi.a, Xj), a G A a 

(b) h = 2e 17 1 < i < 2r, a G L-: U(x l .b,x l ), b G A°_ 

(c) ii = Ei, 1 < i < 2r, g G A an : U(v,Xi), v G l" n . 

Proof. This follows from Proposition 4.2.7 and the definition of the A-grading on 
J (see 4.1.4). □ 

6.3. Statement of the structure theorem. 

We now state our first main theorem, a structure theorem for centreless Lie tori 
of type BC r , r > 3. 

Theorem 6.3.1 (Structure theorem). Let ¥ be afield of characteristic 0. 

(a) Suppose that r > 1, A is an abelian group and L is a subgroup of A. Assume 
that (A, — ) is an associative L-torus with involution, that £ : X x X — > A 
is a nondegenerate A-graded hermitian form of finite graded F '-dimension 
and Witt index r over (A,—), and that (H4) and (H5) in 6.1.1 hold. Let 
S = su(X, £) be the special unitary Lie algebra of ^ with a (Q x A)-grading 
defined using a compatible A-basis for £ as in 6.1.3. Then § is a centreless 
Lie A-torus of type A, where A is the root system of type BC r defined 
by (60). 

(b) Conversely, if r > 3, then any centreless Lie A-torus of type BC r is bi- 
isomorphic to a centreless Lie A-torus § constructed as in (a). 

6.4. Proof of part (a) of the structure theorem. 

Proof. Under the assumptions of (a) of Theorem 6.3.1, we see that S is centreless 
by Proposition 6.2.1(c). Thus, what is required to be shown is that S satisfies 
(LT1) (LT4) of Definition 3.3.1. 

For (LT1), we have seen in Section 4.2 that S M = for e Q \ (A U {0}). For 
(LT2)(i), we know by Proposition 6.2.4 that §° ^ for /j, e A. From Proposition 
6.2.1 (b) we see that (LT3) holds. For (LT4), observe that supp A (AT) = A an C 
supp A (S) by Lemma 6.2.2 (a) and Proposition 6.2.4 (c). So since X has full support 
in A by (H5), we have (LT4). 

It remains to confirm that (LT2)(ii) holds. For this, recall that [i y e (f)*)* = f) 
denotes the coroot of /i for /i G A. Therefore, 

e 4 v = 2hu (2e;) v = h h for 1 < i < r, 

(Ei — £j) y — hi — hj, (Ei + Sj) y = hi + hj for 1 < i < j < r, 

and (- / u) v = -/i v for fj, e A. Now [fi v ,x T ] = (v \ m v }< for <£§>eQ,Te A. 
Thus, since Z(S) — 0, (LT2)(ii) is equivalent to the following statement: If \i G A, 
a G A, and S£ ^ 0, then S£ = Fe£ and §1^ = Wf%, where 

[e^,/;]=M V - 

To verify that this is true, suppose that fi G A, a G A and S° ^ 0. Since X an 
is finely graded by (H4)(c), it follows from Proposition 6.2.4 that S° and §1^ arc 
one-dimensional. Hence, it suffices to prove that 

M v e[Sj;,S:-]. (63) 

For this, we may assume that n is one of the following: Si, 2ei, where 1 < i < r, 
or £j — Ej, Ei + Ej, where 1 < i < j < r. In each of these cases, one can check 
(63) directly using Proposition 6.2.4 and (62). We present only one argument, the 
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others being similar. Suppose that fj, = Si, where 1 < i < r. Then, by Proposition 
6.2.4 (c), a G A an . So we may choose 0/d6 X° n and take 0^a = £(v, v) G A 2 ^. 
Then U(v, Xi) G S°, {/(v.a^ 1 , x%) G §1^, and since a = «we have 

[U(v,Xi),U{v.a~ x ,x T )] = U(U(v, x^v.oT 1 )^*) + Uiv.a^ 1 , U(v, Xi)x T ) 

= U(-Xi,Xi) + U^.a^.v) = -U(xi,x T ) + = -hi = ■ ^ 
6.5. Proof of part (b) of the structure theorem. 

Proof. In order to prove part (b) of Theorem 6.3.1, we assume in this section that 

£ = ®^eQ,c , creA 

is a centreless Lie A-torus of type where is a root system of type BC r , 
r > 3, and is the root lattice of A&. For convenience we set J = {1, . . . , 2r} 
and write i — 2r + 1 — i for i G J. 

6.5.1. (Preparation) By Proposition 3.4.1 (f) and (g), £ is a A& -graded Lie 
algebra with grading pair f)^), where 

0£ =iL and f) £ =£g. (64) 

As in Section 3.4, we identify Ar_ with a root system in t)* L . 

By Theorem 4.2.4 (b), there exists an associative algebra with involution (A, — ); 
a hermitian form t; : X x X ^ A over (.A, — ) with X = X\ lyp _L X an ; an ,/l-basis 
{ x i}iLi f° r -^hyp with £(xj,Xj) = Sij for all i,j G J; an clement v G X an with 
^(t)o,«o) = 1; and an isomorphism 

ip : L -> T>/Z(B), 

where 23 = bu(X,£). Moreover, ip may be chosen so that 

i>(&c) = 7r(fl) and ^(f)£,) = 7r(h), 

where 7r : 23 — > 23/Z(23) is the canonical projection, 

0= (e weJ , ^^^^^©(©^FiJ^^o)), f) = e[ =1 F^, (65) 
and hi = U(xi,Xj), 1 < i < r, in 23. 

6.5.2. (The root gradings) Recall that £, as a Lie torus, comes equipped with 
a grading by the root lattice Qc of the root system A^ in h^. On the other hand, 
in Section 4.2 we gave 23 a grading by the root lattice Q — Q(A) = Zs\ • • • © Ze r 
of A, where 

A = { £i | i G J} U {e, + e 3 \ i,j G J, j ^ t}, 

ei, . . . , e r is the dual basis in fj* of /ii, . . . , h r , and = — Si for 1 < i < r. So as 
noted in (3.2.2), 7r(23) is also graded by Q. We now check that ip is an isograded- 
isomorphism of the -graded Lie algebra £ onto the Q-graded Lie algebra 7r(23). 

We identify 7r(f))* with f)* as in Remark 4.2.5, and so A and Q lie in 7r(i))*. 
Next let ^ : f)£ — > 7r(f))* denote the inverse dual of ip\t, L : f)£ — ► 7r(f)). Now, the 
Q£,-grading of £> is the root space decomposition relative to f)£ by (1), and the Q- 
grading of 7r(23) is the root space decomposition relative to 7r(t)) by Remark 4.2.5. 
So it follows from the definition of ip that 

iP(H„) = 7t(% (m) 
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for /j, G f)£. Hence, we have 

^(suppq^ (£)) = suppq(tt(S)). (66) 

But suppg t (£) generates as a group by (LT1) and (LT2)(i), and suppg(7r('B)) 
generates Q as a group by Proposition 4.2.7. So 

$(Qi) = Q. 

Thus, V is an isograded-isomorphism of the Q^-graded Lie algebra L onto the 
Q-graded Lie algebra 7r(!B), as desired. 

In addition, suppg^. (X) is either U {0} or (A,c)ind U {0} by Remark 3.3.2 (b); 
whereas suppg(7r('B)) is either A U {0} or A in d U {0} by Proposition 4.2.7. Thus, 
since A £ and A are each root systems of type BC r , it follows from (66) that 

$(A C ) = A. 

6.5.3. (Transfer of the A-grading) Now L, as a Lie A-torus, has a given 
A-grading which is compatible with the Q^-grading. We use ip to transfer the A- 
grading from £ to a A-grading on 7r(23) which is compatible with the Q-grading on 
tt(S). 

Henceforth, for convenience, we use ip and tp to make the following identifications: 

£ = 7r(S), fl£ = 7r(fl), i)c = 7r(fj), = Q, and A £ - A. 

(These identifications are allowed since we are working up to bi-isomorphism.) Note 
in particular that £ and 7r(23) are identified as (Q x A)-graded Lie algebras. Also, 
since £° = Qc = 7r(fl), it follows from (64) and (65) that 

n(U(xi,Xj)) G £° and 7r(J7(x fc , u )) e £° (67) 

for i,j e J, i ^ j, fc G J. 

6.5.4. (Support sets) Recall that in Section 3.4 we defined A M = supp A (£ M ) 
for fi e A. We set 

S = A £k for k G J and L = A £i+£j for z , z , j distinct in J. 

By Proposition 3.4.2, these sets are well defined, and we have 

OeS, -S = S, OeL, —L = L (68) 

and 

(S) = A. 

Furthermore, taking v = £\+£2 and \i = E\ in Lemma 3.4.2 (c), we have L — 2S C L, 
and so 

25 C L. (69) 

6.5.5. (Canonical forms for elements of £ M ) Now if i, j G J with j ^ 
then, by Proposition 4.2.7, elements of 23 ei+£j can be uniquely expressed in the 
form U(xi.a,Xj) where a £ A. So we define 

Uij(a) = w(U(xi.a,Xj)) G £ £i+£j 

for a G A and i, j G J with j i,i (but we do not define U^(a) and U,j(a)). Since 
ker(7r) = Z(23) C 2$o, Proposition 4.2.7 tells us that a general element of £ £i + £i 
has a unique expression 

Uij(a), a G A. 
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Similarly if we define 

Ui(v) = ir(U(v,Xi))eL £i 

for i G J and v G X an , then a general element of H 6i has a unique expression of the 
form 

Ui(v), v G X an . 

(We could also introduce unique expressions for elements of H 2ei , but that is not 
needed here.) 

If a, [3 G A, v, w G X and i,i,j,J,k,k are distinct in J, we obtain the following 
identities by applying tt to the identities in Proposition 4.2.8: 



U y (a) = -U ji (5) (70) 

[Uy(a),U Jfe (/?)] = U ife (a/3) (71) 

[U ij (a),U,(v)) = -U j (v.a), (72) 

[U i (v),U j (w)] = -U ij (Z(v,w)). (73) 



6.5.6. (The A-grading on A) Now £ ei + £2 is a finely A-graded vector space 
with support L, and, by 6.5.5, the map a 1— » Uy(a) is a linear bijection of 71 onto 
£ £l+e2 . Hence, there is a unique A-grading on the vector space A such that 

u 12 (./r) = £* +ea 

for <7 G A; and with respect to this grading, A is finely graded with support L. 
Next we argue that 

UiM") = ^ i+Sj (74) 
for j, j distinct and a G A. Indeed, since = © ctG a Uij(-A' T ) and £ £i + £j - = 

©<reA ^li+Ej > ^ i s sufficient to show that 

U 4 ,(.A ff ) CL- +e . (75) 

for i,i,j,J distinct and a G A. But by (67), we know that Uj^(l) C ^ }+£e for 
j ^ 1,1. Thus, using (71), we have 

u ik (A°) = [u y (yi-),u Jfe (i)] c [Uy^.^+J 

for i,i,j,j,k,k distinct. Hence, if (75) holds for the pair it also holds for 

i,k, provided that i,t,j,j,k,k are distinct. Similarly from (71) we see that if (75) 
holds for the pair it also holds for the pair (k,j), provided that i,i,j,j,k,k 

are distinct. Since (75) holds for the pair (1, 2), it now follows easily that it holds 
for all pairs with i, 1, j,j distinct. 

Next, if (j, t G A, we have using (71) and (74) that 

U 12 (A°A T ) = [U 13 (^),U 32 (yi T )] = [Hl M Ll- 3+e2 ] C L°+; £2 = U 12 (-A a+T ), 

and hence A ' A T C A a+T . Thus, A is a finely A-graded associative algebra. 

Using (70) and (74), we conclude that U 12 {A°) = U 2 i{A rT ) = ^ 2+£l = U 12 (A a ) 
for a G A. Thus, the involution "— " on A is graded. 

6.5.7. ((A, — ) is an associative L-torus with involution) We have already 
established that the algebra (A,—) is a finely A-graded associative algebra with 
involution and that supp A (7l) = L. To show that (A, —) is an associative L-torus 
with involution, it remains to show that A a is spanned by an invertible element for 
a G L, since if that is true, it follows that L closed under addition and also that L is 
a subgroup of A using (68). Let a G L. Then, — a G L and G L by (68), and thus 
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by Lemma 3.4.3, we have [L £l+E2 , L £ a +£3 ] = £" 1+e3 Therefore, from (74), we see 
[Ui 2 (.A' T ),U23(./r <J )] = \Ji 3 (A°). So, by (71), A a A'* = A" = Fl. By symmetry 
we also have A~ a A a = Fl so that A a is spanned by an invertible element. 

6.5.8. (The A-grading on X) Now L £l is a finely A-graded vector space with 
support 5*, and, by 6.5.5, the map v i— > Ui(u) is a linear bijection of AT an onto L £l . 
Hence, there is a unique A-grading on the vector space X an such that 

for a G A; and with respect to this grading, X an is finely graded with support S. 
Also, arguing as in 6.5.6, we see using (72) in place of (71) that 

U t (x: n ) = (76) 

for alH G J, a G A, and also that X° n .A T C X°+ T for a, r G A. Hence, X an is a 
finely A-graded .A-module. Note also that Ui(vo) G £g by (67), so w G X® n . 

To obtain a A-grading on the .A-module -^h yP , let deg A (xi.a) — deg A (a) = a for 
i G J, a G .A' 7 and cr G L. 

Finally, we give the 71-module X the direct sum grading with X a = X£ yp © X° n 
for a G A. It is clear that X has finite graded F-dimension since this is true for 
both A"h yp and X an . 

6.5.9. (£ is A-graded) Equation (73) tells us that £(A^ n , ATJJ C yi CT+T for 
cr, t G A, So the hermitian form £ on X an is A-graded. Also, if a G .A"" and /? G A T , 
then ^(xi.a,Xj.[3) — 5ij~a[3 G yi CT+T , which shows that the form £ is A-graded on 
A^hyp- Thus, £ is A- graded on A". 

6.5.10. (The Witt decomposition of £) First we argue that £ is anisotropic 
on X an . Let v G X£ n be nonzero for some cr G A. Then, a G S and 2er G L by (69), 
so by Lemma 3.4.3 we know that [£j £i ,H £2 ] = £>^ +E . 2 - But by (73) we have 

[Ui(«),U 2 (v)] = Ui 2 (£(«,tO). 

Thus, £(v, w) ^ 0, and the form on AT an is anisotropic. 

It follows that £ is nondegenerate. But X^ yv is certainly a hyperbolic space, so 
X = A'hyp -L A'an is a Witt decomposition of £. Therefore, the Witt index of £ is r. 

6.5.11. (Assumptions 6.1.1 hold) We have argued that (A, — ) is an associative 
L-torus with involution; £ is a nondegenerate A-graded hermitian form of finite 
graded F-dimension with Witt decomposition X = Xh yp _L X an and Witt index r; 
and that there exists a nonzero element vq G X® n such that £( w 0j i>o) = 1- I n order to 
see that Assumptions 6.1.1 hold, all that remains is to show that (H4)(a), (H4)(c) 
and (H5) hold. But the first two of these are clear. Also since (supp A (A' an )) = 
(S) = A, it follows that X an has full support in A, and thus (H5) holds. 

6.5.12. (Conclusion of the proof of Theorem 6.3.1 (b)) In 6.5.2, we 

identified £ and 7r(23) as (Q x A)-graded Lie algebras. We have just demonstrated 
that the assumptions in 6.1.1 hold. Hence, by Proposition 6.2.1 (b) and (c), we 
have 23 = § and Z(T>) = 0. So with the obvious identification 7r(23) = 23, we have 

L = tt(S) = S = S, 

as (Q x A)-graded Lie algebras. 

Finally, we know that the Q-grading on § is the root space decomposition of 
§ relative to the adjoint action of f) (see Section 6.1). So all that remains to be 
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shown is that the A-grading on § (which was obtained by transferring the given 
grading on L to S via the identification in 6.5.3) coincides with the A-grading on 
§ induced by the A-grading on X. But both of these A-gradings are compatible 
with the Q-grading; and by Proposition 6.2.1 (b), the Lie algebra 8 is generated by 
Siii Hence, it suffices to verify that the two A-gradings agree on § Ei for i € J. 
But this is a consequence of (76) and Proposition 6.2.4(c). □ 

6.6. The bi-isomorphism theorem. 

Our second main theorem gives necessary and sufficient conditions for two uni- 
tary Lie tori of type BC r , r > 3, to be bi-isomorphic. Since r is a bi-isomorphism 
invariant, we can for convenience fix r in the discussion. 

Theorem 6.6.1 (Bi-isomorphism theorem). Assume ¥ has characteristic 0. 
Suppose that r, k, L, (A,—) and £ : X x X — > A (resp. r' = r, A', V , [A',—) 
and £' : X' x X' -> A') satisfy (H1)-(H5) in 6.1.1 and that 1 and § (resp. J' and 
§') are the graded Lie algebras constructed from £ ( resp. £') as in 6.1.3 using a 
compatible A-basis for £ (respectively £' ). 

(a) If there exists a triple (6,61,62) of maps, where 9 : X — > X 1 is an ¥ -linear 
isomorphism, 6\ : (A,—) — > (A',—) is an isomorphism of algebras with 
involution, and 62 ■ A — > A' is a group isomorphism, which satisfy 

6(x.a)=6(x).6 1 (a) (77) 

0i(£(z,y))=m*),%)) (78) 

B^A") =A' e2(a) and 6{X°) = X' 02 ^ (79) 

for x, y G X , a E A and a e A, then 02{L) = L' , J is bi-isomorphic to 3' , 
and S is bi-isomorphic to §'. 

(b) Conversely, if r > 3 and § and §' are bi-isomorphic, then there exists a 
triple (6,61,62) of maps with the indicated properties. 

Proof. We assume that S has been constructed using a compatible .A-basis {xi}i£i 
for £ and we adopt the notation of 6.1.3. We do the same for £' with primed 
notation. 

(a) Suppose we have a triple of maps (6, 6\, 62) as described in (a). By (79), we 
have 2 (supp A (.A)) = supp A ,(A') so d 2 (L) = V . Next by (77)-(79), 

X' = 6(X hyp ) © 6(X 

an j 

is a A'-graded orthogonal decomposition of ./I'-modules, 6(X an ) is anisotropic, and 
{9(xi)}i£j is an A'-basis for 6*(ATh yp ) relative to which the matrix of £'|x hyp * s the 
(2r x 2r)-matrix Then, by Theorem 5.2.3(c), we can compose 6 with a A'- 

graded yi'-linear isometry and assume that 

6(X hyp ) = X nyp , 6(X an ) = X' an and 6(xi) = x\ for i e J. 

Now define V : End F (AT) -> End F (AT') by ip(T) = 6T&- 1 . By (77), we have 
iP(E(x,y)) = E(6(x),6(y)); hence 

i>(U(x,y)) = U(6(x),6(y)) 

for .t, yel. So V(?) = 3". Also, 

1>(hi) = i>(U(xi,Xi)) = U(6( Xi ),6(x T )) = U(x' i ,x' l ) = h'i 
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for 1 < i < r. So V(f)) = f)'; and the inverse dual if) : f)* — > t)'* of ^|fj maps £i 
to e\ for 1 < i < r. Thus, ^(Q) = Q' and 0(X M ) = X'- for ^ G Q so that 

= X' 6 ?^ for a G A, M G Q. Therefore = JPjg 5 for a G A, M G Q. 

Thus, ip is a bi-isomorphism of ? onto 5T', and its restriction maps 8 onto §'. 

(b) For the converse, suppose that r > 3 and tp is a bi-isomorphism from § to 8'. 
Then, by Remark 3.3.5, ip T t : Q ^ Q' is an isomorphism of the root system A onto 
the root system A', so ip Tt ({e\, . . . , £2r}) = • ■ • ,£;>?-}• Therefore, there exists 
an element a/ of the Weyl group of A' such that oj'(ip T t(£i)) = £ ■ for 1 < i < 2r. 
Hence, by Remark 3.4.4, we can assume that ip r t(£i) = £ \ for 1 < i < 2r. 

By Proposition 6.2.4(a), there exist unique linear bijections rjij : A — > A' for 
j, J distinct in J such that 

i>(U(x i a,x j )) = U(x' i .r hj (a),x' j ) and VlJ {A a ) = A' 8 ^ (80) 

for a G A and a G A, where 

Similarly, there exist unique linear bijections rji : X an — > JT an for z G J such that 

*/j(U(v,x i )) = U(r h (v),x' i ) and = X'J 2(a) (81) 

for w G X an and <r e A. Note that it follows from the second equation in (80) and 
in (81) that 

T)ij(l) = bijl and f]i(v ) = Civ' , 

where b l3 G F x and c, G F x . 

If a, f3 G .A, w € X an and k G J, then applying ip to the identities in 
Proposition 4.2.8 yields: 



r)ij(a) = r]ji(a) if i,T, j, j are distinct, 

(a)%fe (") = Vik {ot(3) if i, i, j, j, k, k arc distinct, 

r] T (v).r]ij(a) = r]j(v.a), if i,i, j, j are distinct, 

^'(m{v),Vj(w)) = Vij(^{v,w)) if are distinct. 

It is easy to verify now that 9\ := &r. 77^ is independent of := c^ x r\i is 
independent of i; and the triple (0, #1,6*2) satisfies all of the required conditions, 
except that so far 6* is only defined on X an . (We omit the proof of these assertions 
since the argument is similar to the one used in the proof of Proposition 4.2.10. See 
also the reasoning in 6.5.6.) Finally, we extend 9 to X, by defining 9 : Xh yp — > X^ yp 
by 9(xi.a) = Xi.9i(a) for a G A, i G J. The conditions that 9 must satisfy are then 
easily checked for this extension. □ 

6.6.2. Suppose £ is a centreless Lie A-torus of type BC r , where r > 3. By Theorem 
6.3.1 we know that £ is bi-isomorphic to a unitary Lie A-torus 8 constructed from 
some £ : X x X — > .A over (A,—). By Theorem 6.6.1, the associative L-torus 
with involution (A, — ) (up to isograded-isomorphism) and the A-rank of X an are 
bi-isomorphism invariants of £. We refer to (A, — ) as the coordinate torus and 
rank/i(X an ) as the anisotropic rank of L. 

With some additional assumptions, we can give a simpler version of the bi- 
isomorphism theorem. For this purpose, we will use the following lemma: 
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Lemma 6.6.3. Suppose that A is an abelian group without 2-torsion, L is a sub- 
group of A containing 2 A, and S is a subset of A such that A = (LU S). Suppose 
further A' , L' and S' satisfy the same assumptions. Then any isomorphism of L 
onto L' mapping 2S onto 2S' extends uniquely to an isomorphism of A onto A' 
which maps S onto S' . 

Proof. The map o i— > 2a is an isomorphism of A onto 2A, and we write its inverse 
map from 2 A to A by a i— » ^cr. We use the same notation for A'. 

For uniqueness, suppose that r\\ and r\i are homomorphisms from A onto A' that 
agree on L. Then, if a £ A, we have 2r]i(a) — r/i(2er) = J7 2 (2cr) = 2r] 2 (o-), so 
Vi(o-) = V2(cr). 

For existence, suppose that rj : L — > L' is an isomorphism such that rj(2S) = 2S' . 
If suffices to show that there exists a homomorphism f] : A — > A' such that Tj(S) C S' 
(since then the same argument will apply to J? -1 ). To see this, observe first that 

??(2A) C 2A'. (82) 

Indeed, if a G L we have r)(2o-) G r)(2L) = 2r/(L) = 2L' C 2A'; whereas if a G S we 
have T](2a) G T](2S) = 25' C 2A', proving (82). Thus, we can define f) : A -> A' by 

f,(a) = ± V (2a) 

for g E A. Then, if a 6 L, we have r)(cr) = ^i](2cr) = ^2rj(a) = rj(a); and if a e S, 
we have fj(a) = \f]{2a) G \r,{2S) = \2S' = S' . ' □ 

We can now prove the following corollary of Theorem 6.6.1. Note that under the 
assumptions of that theorem we have 2supp A (X) C L and 2supp A /(A'') C V (see 
Lemma 6.2.2(b)). 

Corollary 6.6.4. Suppose that the hypotheses of Theorem 6.6.1 hold. In addition 
assume that (F x ) 2 = F x and that A and A' have no 2-torsion. 

(a) // there exists an isograded isomorphism tp of the L-graded associative al- 
gebra with involution (A,—) onto the L' -graded associative algebra with 
involution (A', — ) such that 

9V(2supp A pf)) = 2supp A ,(X'), 

then J is bi-isomorphic to 5F' and S is bi-isomorphic to §' . (Here we are 
using the notation ip gr of 2.3.1 (d).) 

(b) Conversely, if r > 3 and S and S' are bi-isomorphic, then there exists an 
isograded isomorphism ip as in (a). 

Proof. We assume that § has been constructed using a compatible .A-basis {£i}iei 
for £ and we use the notation of 6.1.3. We make similar assumptions for £' and 
S' using primed notation. Note that J = J' = {1, . . . , 2r}. Let S = supp A (X) and 
S' = supp A ,pO. 

(a) Our goal is to construct a triple of maps (9,9i,02), where 9 : X — > X', 
01 : A A' and 6 2 : A -> A' satisfy conditions (77)-(79) of Theorem 6.6.1 (a). 

By Lemma 6.2.2 (a) and (b), we have the assumptions of Lemma 6.6.3 for <p gr : 
L — > V . Hence, there is an extension 02 : A — > A' of ip gI such that ^(S 1 ) = S'. But 
by Lemma 6.2.2 (c), it follows that S = W ieK (/5i + L) and S' = a ieK /(p< + V). So 
there exists a bijection 7r : K — > K' such that 02 (pi) = p' v u\ + cr- where ct- G L' for 
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iSK. Moreover, 7r(fco) = k' and a' k , = 0. We extend n to a bijection ir : I — ► I' by- 
defining n(i) — i for i G J, and we set a • = for i G J. Then, 

92(Pi)=p' v{i) +cr' i (83) 

for i e I, so 

¥?gr (2p i )=2p; (i) +2^, (84) 

for « G I. Now we choose 

^ /3- G yL /<T * for i 6 I, (85) 

with (3[ = 1 for i 6 JU {fc }. But by (58), we have ^ G A 2p * and G ,A' 2p "« 
for i G I. Hence, by (84) and (85), we have tp(ji) = ^ x P'^^Pl for i G I. Since by 
assumption F x = F x , we can alter our choice of j3[ so that 

holds for i g I. Further, by (56), we may take ft[ = 1 for i G J U {&o}, an d hence 

& = ft (87) 

for i G I. 

Finally, let 6i — ip, and define 9 : X — > X by 

^(Ei=i ^-"i) = ELi <(i)-(AV(ai))- 

It is a straightforward matter using (83)-(87) to check conditions (77)— (79) in 
Theorem 6.6.1 (b). We leave this to the reader. 

(b) For the converse, suppose that ip is a bi-isomorphism of 8 onto §'. Let 
(9,61,62) be the triple promised by Theorem 6.6.1. Then, by (79), if :— 6\ is an 
isograded isomorphism of (A,—) onto (A 1 ,—) with ip gI = 6 2 \l- Finally, by (79), 
6 2 (S) = S', so tp e (2S) = 2S'. □ 

7. LIE n-TORI AND EXTENDED AFFINE LIE ALGEBRAS OF TYPE BC r 

If A is a free abelian group of finite rank n, a Lie A-torus is called an Lie n-torus. 
It is known that Lie n-tori are the starting point for the construction of extended 
affine Lie algebras (EALAs) of nullity n (see Section 7.3). With that as motivation, 
we apply our results from Chapter 6 to the special case of Lie n-tori to obtain a 
classification up to bi-isomorphism of centreless Lie n-tori of type BC r for r > 3. 
We conclude by discussing the construction of EALAs from these Lie n-tori. 

If n = 0, it is well known that a centreless Lie n-torus £ is a finite-dimensional 
split simple Lie algebra (see for example [ABFP, Rem. 1.2.4]). Since that case is 
well understood, our focus is the case when n is a positive integer, and we make 
that assumption for the rest of this chapter. 

7.1. Associative n-tori with involution. 

If L is a free abelian group of rank n, an associative L-torus with involution is 
called an associative n-torus with involution. In view of Theorem 6.3.1, our first 
step must be to understand these graded algebras with involution. Fortunately, they 
have been classified by Yoshii [Y2, Thm. 2.7] using elementary quantum matrices. 
This classification can be formulated using quadratic forms over Z2 [AFY, AF] , and 
we recall that point of view now. 

Throughout this section, we suppose that L is a free abelian group of rank n. 
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7.1.1. We let L = A/2A with canonical map a — > a, in which case L is an n- 
dimensional vector space over Z 2 = Z/2Z. If 77 : A — > A' is an isomorphism of free 
abelian groups of rank n, then r\ induces a vector space isomorphism 7) : L — > L' 
defined by 77(0") = 77(17); and any vector space isomorphism from L to Z/ is induced 
by some r\ in this way. 

7.1.2. Suppose that n : L — > Z 2 is a quadratic form on L over Z 2 . Recall that this 
means that the map k p : i x L — > Z 2 defined by 

Kp(<7, f ) = fc(<7 + f ) + k(ct) + K(f) 

is Z 2 -bilinear. (See for example [HO, §5.2].) Then k p is an alternating form on 

L (n p (a,a) = for a G L) called the polar /orm of k. If «b : £ x L —> Z 2 is a 
Z 2 -bilinear form, we say that K b is compatible with k if 

Kp(cr,f) = K b (o-,f) + K h (f,a) 

for cr, f G L. It is easy to check that such a n h exists (see for example [HO, 5.1.15]) 
and is unique up to the addition of a symmetric bilinear form on L. 

7.1.3. If k : L — > Z 2 is a quadratic form, we adopt the notation 

rad(fv) := {ct e L I k(<t) = and k p (<t, L) = 0} 
for the radical of k; and 

iso(«) := {5- e L I k(c>) = 0} 

for the set of isotropic vectors for k. The orthogonal group of k is the group 
O(k) := {?A £ GL(L) I K(ip(a)) = n{a) for e i} of isometries of n. 

We now see that associative tori with involution are classified by quadratic forms 
over Z 2 . 

Proposition 7.1.4. [AFY, Prop. 11.4] If (A,—) is an associative L-torus with 
involution, then there exists a unique quadratic form k : L — > Z 2 , called the mod-2 
quadratic form for (A, —), such that 

— = (_!)«(*) a<7 and a a a T = (-l) K v {a ' f) a T a a (88) 

for otu e A a , a T G A T , a, r £ L. 9 Moreover, any quadratic form on L arises from 
some associative L-torus with involution in this way (see the construction in 7.1.6 
below). Finally, two associative n-tori are isograded isomorphic if and only if their 
mod-2 quadratic forms are isometric. 

7.1.5. Suppose (A,—) is an associative L-torus with mod-2 quadratic form k. 
There are two subsets of L that will play a key role in what follows. First define 

T = T{A,-) =su Wl {Z{A,-)). 

Second recall that L + = L + (A, — ) = supp L (A + ) (see 2.3.1). By (88) we have 

T = {aeL\de rad(«)} and L + = {a G L \ a G iso(fc)}. (89) 

We now describe a construction of an associative n-torus with a given mod-2 
quadratic form. 



As usual, we abuse notation and write an element + 27L in Z2 as /1, in which case (— 1) M is 
well defined. 
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7.1.6. Suppose that k : L — > Z 2 is a quadratic form and that Kb : L x L — > Z 2 
is a bilinear form that is compatible with k (see 7.1.2). Let A = (BaeL^P 7 , the 
L-graded vector space with ^ f £ A a for er e L; and define a product and 
involution on A by 

rt r = (-i) k »(*>*v+t and F=(-i) K( * } r. (90) 

Then, one checks that (.A, — ) is an associative L-torus with involution whose mod-2 
quadratic form is k. We denote (A,—) by ATIl(k, Kb) and call it the associative 
L-torus with involution determined by (k, Kb). Note that by Proposition 7.1. 4, 
ATIl(k, Kb) depends up to isograded-isomorphism only on k. 

The construction just described takes on a familiar form if we choose a Z-basis 
{<ti, . . . , cr„} for L. Let ti = t ai for 1 < i < n. Then, A is generated as an algebra 
over F by tf 1 , ■ ■ ■ , t^ 1 ] and we have U = (— l) 6i ij and tjU = (— l) ai Hitj, where 
bi = K(ai) G Z 2 for 1 < i < n and = K p ((7 i ,(7j) 6 Z 2 for 1 < i < n. Thus 
ATI^(k, Kb) is the quantum torus with involution determined by the vector ((— l) bi ) 
and the matrix ((-l) a * 3 ) ([AABGP, §111.3], [AG, §2]). 

Remark 7.1.7. Suppose that k : L — > Z 2 is a quadratic form. It is easy to see 
that it is possible to choose a bilinear form K b :LxL^Z 2 that is compatible with 
k and satisfies 

K b (£,rad(K)) = K b (rad(«;), L) = 0. (91) 

In that case, if we let (A, — ) = ATI^(k, K b ), we have the convenient property 

t a t T = t T f = t a+T for a e T(A, -), t E L. (92) 

In particular, Z{A, — ) = F[r], the group algebra of T. 

7.1.8. To classify associative L-tori with involution, one can proceed as follows: 
Fix a basis {a\, . . . , a n } for L. Then write down representatives of the isometry 
classes of quadratic forms on L using the well-known classification (see [D, Chap. I, 
§16] or [AFY, Rem. 5.17]). Next, for each k in the list, choose K b compatible with 
k and satisfying (91), and then construct the associative L-torus with involution 
ATI^(k, Kb). This gives the list of associative L-tori with involution up to isograded- 
isomorphism, and each torus in the list satisfies (92). 

Example 7.1.9. To give a concrete example, we suppose that n = 3 and fix 
a Z-basis {cri, CT2, 0-3} for L. The following table lists the five possible quadratic 
forms k on L up to isometry, and the corresponding forms k p and K b , obtained as 
in 7.1.8. 



K 




K b 











h 








£2+ £ 3 + ^3 


he's + ht'2 


£ 2 £' 3 


l2h 


i2i'3 + h?2 


W3 


e 3 + t\ti 


hi'2 + hi\ 


ht'2 



(93) 



In each row, we have given k by displaying its value at X)i=i £i^ii an d we have given 
K p and Kb by displaying their values on the pairs ^i&i, Y^j=i ^'j^j ■ ^ nc us ^ 

of associative 3-tori with involution up to bi-isomorphism is the corresponding list 
of tori ATIl(k, K b ). 
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We finish this section by recording a lemma that will be needed in the next 
section. 

Proposition 7.1.10. Suppose that (A, — ) is an associative L-torus with mod-2 
quadratic form k. Then, the map ip i— ► (pg r is an epimorphism of the group of all 
isograded automorphisms 10 of (A,—) onto the orthogonal group O(k). 

Proof. The proof of [AY, Prop. 1.14] (hi) can be easily adapted to prove this fact. 

□ 

7.2. Centreless Lie n-tori of type BC r . 

In this section, we assume that char(F) = and (F x ) 2 = F x . Note that this 
includes the important case when F is algebraically closed of characteristic 0. 

7.2.1. To construct centreless Lie n-tori as unitary Lie tori, we suppose that 

(11) r is a positive integer. 

(12) L is a free abelian group of rank n and (A, — ) is an associative L-torus with 
involution. 

(13) M is a subset of iso(«;) with G M, where n : L — > Z2 is the mod-2 
quadratic form of (A, — ). 

Beginning with these ingredients, we construct a graded hermitian form £ : 
A x A — > A over (A, — ) and hence a unitary Lie n-torus su(X, £). 

First we build an abelian group A containing L that will be our grading group 
for £. To do this, we regard L as a subgroup of the vector space QL := <Q> <g) z L over 
Q by means of the map a 1— > 1 ® a. Let M denote the inverse image under ~ of M 
in L. Then, by (89), we have 

2L C M C L+ C L, 

where L + = L + (A, -). We let 

A=(iM) 

in QL. Then L is a subgroup of A, and, since L C A C A is free abelian of 
rank n. 

Now let m be the order of the set M and I = 2r + m. We select n, . . . , £ 
M C L + such that t 4 = for 1 < i < 2r + 1 and 

fJP+i , • • ■ , arc the distinct elements of M. 

We also choose nonzero elements 71 , . . . , 7^ G .A+ with 7^ = 1 for 1 < i < 2r + 1 
and ji G for 1 < i < I. We call the sets {n}f =1 and {7»}| =1 compatible sets of 
parameters for M. 

Next let A = A , a right yi-module with standard basis ei, . . . ,et, and define a 
A-grading on X so that A is a A-graded .A-module with deg(ei) = \ti for 1 < i < £. 
Observe that 

1 /l \ 1 

supp A (X) = U Un + L\ =-M. (94) 

Further define a A-graded hermitian form £ : A x A — > yi by 

£(ej,ej) = %7i 

for 1 < i,j < £, where 1 = 2r + 1 — i for 1 < i < 2r and 1 = i for 2r + 1 < i < £. 



It is known [Y2, Lemma 1.2] that any automorphism of (A., — ) is isograded, but we will not 
use that here. 
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Then Assumptions 6.1.1 hold with 

Ahyp = ©j = i s-i-A and X an = ©j = 2 r +i &%-A. 

Indeed, X an is finely graded since the elements ^T 2r +i, ■ • ■ , \t(, are distinct modulo 
L; and it then follows that X an is anisotropic by Proposition 5.2.5. The other 
conditions are easily checked. So we can construct the (Q x A)-graded Lie algebras 
J = fu(X, £) and § = su(X, £) as in 6.1.3. In particular, § is a unitary Lie n-torus 
of type BC r that we say is the unitary Lie n-torus constructed from r, L, (A, — ) 
and M. 

Remark 7.2.2. It follows from Corollary 6.6.4 that J and § are independent, up to 
bi-isomorphism, of the choice of compatible sets of parameters {rj}f =1 and {7i}f =1 
for M. 

7.2.3. The (Q x A)-graded Lie algebras SF and S constructed in 7.2.1 have simple 
descriptions as matrix algebras using the results of Section 5.3. For this we use 
matrix notation relative to the homogeneous .A-basis {e,}f =1 for X. Then, by (33), 
we see that £ = £(X, £) is equal to the algebra Mat^(.A) of I x £ matrices over A, 
and hence, since X is free of finite rank over A, we have £ = End/i(A). Thus, by 
(12), we have 

where Uij(a) = etj(a) — ejj (t^~ ar/j) and IX = u(X, — ) is the unitary Lie algebra of 
£. Alternatively, if we let J 2r = (<%) S Mat2r(F) and 

_ [ diag(7 2r+ i, . . .,~/e)_ 

(the matrix of ^ relative to the .A-basis {ej}| =1 ), then by (11) and (39), 

J={Te 0^(A) | T* = -T}, where T* = G~ 1 T t G for T e £, 

t denotes the transpose, and £)t^(.A) is Mat^(^l) under the commutator product. 
Moreover, by Proposition 6.2.1 (a), 

S = { T e J | tr(T) = (mod [A, A])}. 

Finally, the Q-gradings on J and 8 are the root space decompositions with respect 
to the adjoint action of () = 0i =1 Fujj(l), and the A-gradings on J and S are 
obtained by restricting the A-grading on £ which is given by 

de SA( e y (")) = l T i ^ \ T i + de S\( a ) ( 95 ) 
for 1 < i, j < £ and a homogeneous in A (see Proposition 5.3.7). 

We can now combine our results to prove the following: 

Theorem 7.2.4 (Classification of centreless Lie n-tori of type BC r , r > 3). 

2 

Assume F is a field of characteristic with F x = F x . Suppose that n > 1 and 
r > 3. Let L be a free abelian group of rank n, and let K\, . . . , K a be a list of the 
distinct quadratic forms over Z 2 on L = L/2L up to isometry. For 1 < i < s, let 
(Ai, — ) be an associative L-torus with involution whose mod-2 quadratic form is n i} 
and let Mn, . . . , Mi qi be representatives of the orbits of the orthogonal group 0(«i) 
acting on the set of subsets o/iso(«;,) containing 0. Then, the distinct centreless Lie 
n-tori of type BC r are, up to bi-isomorphism, the unitary Lie n-tori §ij constructed 
as in 7.2.1 from r, L, (Ai, — ) and Mij, 1 < i < s, 1 < j < qi. 
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Proof. Suppose first that two of the unitary Lie n-tori are bi-isomorphic, say § 
constructed from r, L, (Ai, — ) and My; and §' constructed from r, L, (Ay, — ) and 
Mi>j'. By Corollary 6.6.4 (b) and (94), we have an isograded isomorphism (p from 
(Ai, — ) onto (yij/, — ) such that ^(M^) = Myy. So by Proposition 7.1.4, i = i'. 
Also, by Proposition 7.1.10, My and My/ are in the same orbit under O(Ki), and 
hence j — f. 

Next suppose that Z is a centreless Lie n-torus of type BC r . By Theorem 
6.3.1 (b), we can assume that £ = §, where S = su(X, £) is the unitary Lie A-torus 
constructed using r, A (a free abelian group of rank n), L' , (A, — ) and £ : Ixl — ► .A 
as in 6.1.3. Also, by Lemma 6.2.2(d), L' is free of rank n, so we can identify it 
with the given group L. Let S = supp A (A), and set 



where L + = L + (A,—) (see Lemma 6.2.2(a) and (b)). Note that S + L C S, so 
M + 2L C M, hence 



By Proposition 7.1.4, there exists an isograded isomorphism ip of the associative 
L-torus with involution (A, — ) onto the associative L-torus with involution (Ai, — ) 
for some 1 < i < s. In addition, by (96), if ST (M) C <p gr (L + ) = L+(v4j,— ), and 

hence ip^ r (M) C L + (.Aj, — ) = iso(«;,). Since £ (p~^ r (M), Proposition 7.1.10 tells us 
that there exists an isograded automorphism ip of (Ai, — ) such that ip gr ((p~^ r (M)) = 
Mij for some 1 <j <q%- Replacing ip by ip o ip, we can assume that (^ r (M) = My. 
Thus, letting My be the inverse image of My under ~ : L — > L, we have, by (97), 
that </? gr (M) = My. Applying Corollary 6.6.4(a), (94) for Sy, and (96), we see 
that L is bi-isomorphic to the unitary Lie n-torus Sy. □ 

Theorem 7.2.4 reduces the classification of centreless Lie n-tori of type BC r , 
t > 3, up to bi-isomorphism to two problems: the classification of n-dimensional 
quadratic forms over Z2 up to isometry; and, given such a quadratic form k : L — > 
Z 2 , the determination of the orbits of the orthogonal group O(k) acting on the 
set of subsets containing of iso(«;). The first of these problems has a well-known 
solution as we have mentioned, while the second can, at least in some cases (in 
particular, for small n), be worked out directly. We will examine the case n = 3 
when we consider EALAs in the next section (see Example 7.3.4). 

7.3. Construction of extended affine Lie algebras of type BC r . 

In this section, we construct some EALAs of type BC r . We do not assume here 
that the reader is familiar with EALAs it suffices to know that an EALA is a triple 
(E,H,( I )) consisting of a Lie algebra E with a finite-dimensional distinguished 
abelian Cartan subalgebra H and a nondegenerate invariant symmetric bilinear 
form ( I ) satisfying a natural class of axioms [N2] which model properties of affine 
Kac-Moody Lie algebras. The nullity of E is the rank of the finitely generated free 
abelian group A generated by the isotropic roots of E, and the type of E is the type 
of the finite irreducible root system obtained by identifying two roots of E if they 
differ by an element of A. Besides [N2], the reader can consult [BGK], [AABGP], 
[N3] and [AF] and the references therein for more information about this topic. 



M := 2S CL+C L, 



(96) 



M is the inverse image of M under : L — > L. 



(97) 
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Generalizing earlier work in type A r [BGK, BGKN], Neher [N2] gave a construc- 
tion of a family of EALAs of nullity n from a ccntrcless Lie torus -C of nullity n. 
Roughly speaking one constructs an EALA E = L © C © D, where D is a graded 
subalgebra of the Lie algebra SCDer(X) of skew-centroidal derivations of L and C 
is the graded dual of D, and where the product on E involves a 2-cocycle on D 
with values in C. Varying the algebra D and the 2-cocycle, one obtains a family 
of EALAs determined by L. It was announced in [N2] that any EALA occurs in 
the family constructed from some H in this way. Moreover, it was shown in [AF, 
Cor. 6.3] that if two centreless Lie n-tori L and £/ are bi-isomorphic, then the 
EALAs in the corresponding families are pairwise isomorphic. 

If L is a centreless Lie n-torus of type A, where A is reduced, then the cor- 
responding EALAs have type A. On the other hand, if A has type BC r and 
suppg(X) = A U {0}, then the corresponding EALAs have type BC r . So, it follows 
from Remark 3.3.3 that all EALAs of nullity n and type B r and BC r are obtained 
from a centreless Lie n-torus of type BC r . Moreover, if r > 3, it follows from Theo- 
rem 6.3.1 that there is no loss of generality in starting with a unitary Lie n-torus S. 
For the sake of readers interested in working concretely with EALAs, in this section 
we review Neher's construction, without proofs, in this case. Instead of construct- 
ing a family of EALAs from §, we focus on just one EALA, which is maximal in 
the sense that D — SCDer(S) (the full set of skew-centroidal derivations) is used in 
the construction; and we use the trivial 2-cocycle on D to define the multiplication. 
The reader familiar with [N2] will have no trouble obtaining the whole family in 
the same way. 

Throughout this section, we will assume that F is a field of characteristic with 
(F x ) 2 = F x , r > 3, and that J = fu(X,£) and S =su(X,£) are the (Q x A)-graded 
Lie algebras constructed from r, L, (A,—) and M as in 7.2.1 using compatible 
sets of parameters {r^}f =1 and {7i}| = i, where I = 2r + m 1 and m is the order of M. 
We let £ = t(X, £), and we view £, 5" and S as graded matrix algebras as in 7.2.3. 

7.3.1. As in Theorem 5.3.5(d), we define a A-graded nondegenerate associative 
symmetric bilinear form ( | ) on £ by 

(T a | T 2 ) =tJ7(tr(Ti,T 2 )) 

for Ti,T 2 G §, where zu : A — > F is the L-graded projection of A onto F (see 
Theorem 5.3.5(d)). Then, ( | ) restricts to a A-graded nondegenerate invariant 
form on 5" and S. 

Let Z = Z(A, — ); k : L — > Z 2 be the mod-2 quadratic form of (A, — ); and 

r :=T(A, -) =supp L (Z) and L+ := L+(A, -). 

By (89), we have 

F := {a E L \ a G rad(z-c)} and L + = {a G L | a E iso(fv)}. 

Recall next that £ is a left Z-module (see 4.1.3), and we have }eij(a) = eij($a) 
and %Uij{a) — Uij{%a) for 3 G Z, 1 < i,j < I and a G A. Furthermore, by 
Proposition 4.2.10 and Proposition 6.2.1 (b), the map 3 — ^ M 3 1§ is an isomorphism 
of Z onto the centroid Cent(S) of §. This map is A-graded so supp A (Cent(§)) = T; 
that is, T is the centroidal grading group of S (see 3.3.2 (c)). 
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Let Hom(A, F) be the group of group homomorphisms of A into F, and let DerF(S) 
be the algebra of derivations of 8. For 9 G Hom(A,F), we define the degree deriva- 
tion do G DerF(S) by <9e|s„ = 9{o-)id% a for a G A. Setting 

f = ^Hom(A,F)7 

we see that D is an n-dimensional abelian subalgebra of Der F (§). 

Now DerF(S) is a left Z- module under the action id = M 3 o d for 3 G Z and 
d G DcrF(§). Moreover, the space 

CDer(S) = ZT> 

is a subalgebra of the Lie algebra Der(S), and CDcr(S) is a free Z-module of rank 
n which is T-gradcd with CDer(S) CT = Z a T) for a G T. Let 

D SCDcr(S), 

the T-graded subalgebra of CDer(S) consisting of the derivations in CDer(S) that 
are skew relative to the form ( | ). Then D is called the Lie algebra of skew-centroidal 
derivations of §. Since D° = D, dim(D°) = n, while dim(D ,T ) = n - 1 if a eT \Q. 
Next let 

C := D s " = 0(D CT )* C D*, 

o-er 

be the graded-dual space of D, where (D CT )* is embedded in D* by letting its elements 
act trivially on D r for r 7^ a. We give the vector space C a T-grading by setting 

C CT = (D- CT )*, 

in which case, C is a T-graded D-module by means of the contragradient action "*" 
given by 

(d.c)(e) = -c([d,e]), 
for d, e s D, c £ C. Now define <j : 8 x § — > C by 

^T^d) = {dTi\T 2 ). 

Then ? is a T-graded 2-cocycle on § with values in the trivial S-module C. 
With these ingredients, we are ready to build an EALA. Set 

E = S®CeD, 

where C = D s ". We identify §, C and D with subspaces of E, and define a product 
[, ] E on E by 

[T 1 +c 1 +d 1 ,T 2 + c 2 + d 2 ] E 

= ([Ti,T 2 ] + di(T 2 ) - (fe(Ti)) + (d 1 ,c 2 - efe.ci +?(Ti,T 2 )) + [d u d 2 ] (98) 

for Ti G §, Q G C, dj G D. Then, E is a A-graded Lie algebra with the direct sum 
grading, and 

H := f) © C° © D° 

is an abelian subalgebra of E, where [) = ©[ =1 Fuii(l). Finally we extend the 
bilinear form ( | ) on S to a graded bilinear form ( | ) on E by defining 

(Ti + ci + di I T 2 + c 2 + d 2 ) = (Ti I T 2 ) + ci(d 2 ) + c^). (99) 

Then, Neher's theorem [N2, Thm. 6] tells us that (E, ( | ), H) is an EALA of nullity 
n and type BC r or B r . Moreover, by that same theorem and our Theorem 7.2.4, we 
have constructed a maximal EALA of nullity n in each family of EALAs of nullity 
n and type BC r or B r . 
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Finally, we note that the EALA E is of type B r if and only if k = 0. 

7.3.2. (Computations using bases) To facilitate working with the EALA E 
constructed in 7.3.1, we now show how to select convenient bases for L and A and 
use coordinates to obtain expressions for the product and form on E. This follows 
the original approach in [BGK] and [BGKN] which treated type A r , r > 2. 

We may assume that (A,—) = ATIl(k, « b ), where K b is chosen as in Remark 
7.1.7, in which case we have 

t a t T = t T t a = t a+T for a E T, t E L. (100) 

Now choose a basis {ci, . . . , a n } for L such that 

{el, . . . , cr ni , 2a ni+ i, . . . ,2a n } is a basis for (M), (101) 

where <7i, . . . , a ni E M and < m < n. (To obtain such a basis, chose a basis for 
L with the appropriate properties and lift to a basis for L.) Then, {Ai, . . . , A„} is 
a basis for A = {\M), where 

Aj = ^(7^ for 1 < i < m, and \ ~ ai for n x + 1 < i < n. 

Next we introduce coordinates in D and CDer(S). First, for A = J27=i ^i^i e A, 
we set 

X* = (£!,..., h) eF". 
Further, let {9i, . . . , 9 n } be the dual basis for {Ai, . . . , A„} in Hom(A, F), and for 
s = (si, ...,*„) € F" write 8 S = J2? =1 s l l . Then 

6» s (A) = A # -s (102) 

for seF" and A e A, where • is the usual dot product on F™. Also, if s e F™, let 
d s = d 0B . Then 

T> = {d s | s e F"}; 

CDer(S) = J2aer CDer(§) CT with CDcr(S) ,T = t a T> for a G T; and one checks using 
(100) that the multiplication in CDer(S) is given by 

[t a d s ,tP8 r ] = t a +P((p* ■ s)8 r - (a* ■ r)d s ). (103) 

The homogeneous components of the algebra D = SCDer(S) = © CTer D CT of skew- 
centroidal derivations of § are given by 

for a e r. 

To discuss C = D gr * we define c CT (s) £ C = (D-°)* for s E ¥ n and a e T by 

c ff (s)(t- CT 9 r )-s-r (104) 

for r E F™ with cr* • r = 0. Then, s c a (s) determines a linear map of F™ into Q a 
with kernel Ftr # . So by counting dimensions, we see that 

C CT - {c CT (s) | s e F"}. 

The action of D on C is given by 

(c CT (s)) = c a+p ((a* ■ r)s + (s • v)p*). (105) 

for a E T, s E F™, and p e T, r e F™ with p# • r = 0. 

To calculate the action of CDer(S) on § using coordinates, it is natural to extend 
the action of CDer(S) to £ = Mat^(^l); and then restrict to §. Indeed, since £ 
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is A-graded we can define degree derivations {<9|}g e Hom(A,F) of £ just as for S. 
Moreover, Derp(£) is naturally a left Z-module and we have the A-graded Lie 
algebra Zd^ om{A ¥) in Dcr F (£). Letting <9 S £ = Yh=i s ^li for s = ( s ii • • • , s n ) G F™, 
we see that the restriction map t a d^ i— » i^dg is an algebra isomorphism sending 
^^Hom(A F) onto CDer(§). Henceforth, we treat this map as an identification. This 
gives an action of CDer(S) on £, and one checks directly using (95) and (102) that 

(t*0. £ )(ey(O) = s • (r + ±t; - l Tj )*e l0 {t^) (106) 

for u e T, s e F™ with cr* • s = and r G L. By restriction, this determines the 
action of CDcr(S) on §, and hence the action of D on §. 

To calculate the 2-cocycle <r : § x § — > C, it is natural to proceed in a similar 
fashion and extend this map to a bilinear map ? : £ x £ — ► C defined by 

?(Ti,T 2 )(d) = (dTi,T 2 ) 

for Ti,T 2 G £, d G D; and then restrict to § x S. A direct calculation using (90), 
(100) and (106) shows that 

f Mi P (-ir (f,f W((* + ki-k0 # )> if^ + rer 

[_ 0, otherwise 

for <t,t £ L and 1 < i, q < n. By restriction, we obtain the 2-cocycle ? on S. 

Equations (103), (104), (105) and (107) now allow us to calculate products in £ 
explicitly using (98) and the form on £ using (99). 

Example 7.3.3. Suppose that n = 1. Then the EALA E constructed in 7.3.1 and 
7.3.2 is an afiine Kac-Moody algebra. If the mod-2 quadratic form k of (A, — ) is 

— ' — ' (2) 

not 0, then L + = 0, so M = 0. In this case E has affine type A!,/ in the notation 
of [K]. On the other hand if k = 0, then = Z, so M = or L. The EALA 
E is then of affine type B^ 1 ^ or respectively. (In the notation of [MP], which 

is more natural in this context, the three affine types occurring here are in order: 
BCj 2 \B« and B< 2 >.) 

Example 7.3.4. Suppose that r > 3 and n = 3. Let L be a free abelian group 
with basis {<7i, 02, 0-3}. The five 3-dimensional quadratic forms over Z 2 were listed 
in Table 93. We consider the case when (A,—) = AT I l(k, K b ), where 

K (Z)"=i^») =4+^2 and Kb(Z)r=i^*'Sr=i^*) =^i4- 

We have rad^ = and iso(«) = {0,ai, 02,01 +02+ 03}. One can check (for 
example using facts about O(k) from [D, §1.16]) that, for 1 < m < 4, O(k) acts 
transitively on the set of order m subsets of iso(/-c) containing 0. So, by Theorem 
7.2.4, for 1 < m < 4 there is up to bi-isomorphism exactly one centreless Lie 3-torus 
§ of type BC r with coordinate torus (A, — ) and anisotropic rank m. 
We consider the case when m = 3 and we select 

M = {0,01,02}. 

Then (M) = 7Lo\ ffi 2,02 © 2Z03, so the given basis {01,02,03} satisfies (101) with 
m = 2. Now t = 2r + 3, and we let 

T2r+2 = Ol, T 2r +3 = 02, Tj = for 1 < i < 2r + 1, 
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and 

72r+2 = *l, 72r+3 = *2, 7i = 1 for 1 < « < 2r + 1, 

in which case {rj}f =1 and {7»}| = i are compatible sets of parameters for M. We 
construct graded matrix algebras £, and § from r, L, (A, —) and M (using the 
above parameter sets) as in 7.2.3. Then 

S = {T e Ql 2r+3 (A) | G^T'g = -T and tr(T) = (mod [A, A])}, 

where 

q _ Jlr 

[ diag(l,ii,t 2 ) 

The (Q x A)-gradings on J and S are as described in 7.2.3 with A = {\M) — 
(|cri, \&2, By Theorem 7.2.4, § is the unique (up to bi-isomorphism) centreless 
Lie 3-torus of type BC r with coordinate torus (A, — ) and anisotropic rank 3. 

Finally, we let E be the EALA constructed as in 7.3.1. Since T — iso(/t) = 0, we 
have r = 2L and Z = ¥[T] = ¥[2L}. We can now use coordinates to calculate the 
product and form in E as in 7.3.2. 

8. CONCLUSIONS 

We finish with some remarks on special cases and possible generalizations of our 
results. Suppose that A is arbitrary (unless mentioned otherwise) and char(F) = 0. 

8.1. Remarks. 

Remark 8.1.1. (Lie tori of type B r , r > 3) If we specialize to the case when 
the involution — on the associative torus A is the identity, Theorems 6.3.1 and 6.6.1 
yield structure and bi-isomorphism theorems for centreless A-Lie tori of type B r , 
r > 3. The structure theorem for type B r was proved (in a different form) when 
A = Z™ and F = C in [AG], and it is a special case of a more general structure 
theorem for division graded Lie algebras of type B r due to Yoshii [Y3]. However, 
the bi-isomorphism theorem is new even for type B r . 

Also, if we specialize to the case when the quadratic form is trivial in the classi- 
fication result, Theorem 7.2.4, we obtain a classification of the centreless Lie n-tori 
of type B r , r > 3, up to bi-isomorphism. 

Remark 8.1.2. As we have noted earlier, in the construction of a family of EALAs 
from a centreless Lie n-torus, two centreless Lie n-tori that are bi-isomorphic give 
isomorphic families of EALAs [AF, Cor. 6.3]. However, the converse is not true. 
To obtain a one-to-one correspondence between centreless Lie n-tori and families 
of EALAs of nullity n one needs a coarser equivalence relation on centreless Lie n- 
tori called isotopy [ibid]. Therefore, it would be beneficial to have a version of the 
classification result, Theorem 7.2.4, with isotopy replacing bi-isomorphism. With 
the results for the other types of root systems in [AF] as a model, we expect that 
Theorem 7.2.4 will be the first main step in obtaining such a result for type BC r . 

Remark 8.1.3. A generalization of Lie A-tori of type A which arose out of Yoshii's 
work is the class of pre-division (A, K)-graded Lie algebras (see [Y3, §2], [N3, §5.1]). 
Such a graded Lie algebra is said to be invariant if it possesses a suitable invariant 
bilinear form. Correspondingly, Neher has introduced an interesting class of alge- 
bras generalizing EALAs called invariant affine reflection algebras (IARAs) [N3, 
§6.7]. In [N3, Thm. 6.10], Neher has announced that a family of IARAs can be 
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constructed from an invariant pre-division (A,A)-graded Lie algebra whenever A 
is torsion free. In particular, since a unitary Lie A-torus has an invariant form by 
Theorem 5.3.5, it can be used to construct a family of IARAs when A is torsion 
free. 

In light of Neher's work discussed above, it would be useful to prove a generaliza- 
tion of our structure theorem and bi-isomorphism theorem for invariant pre-division 
(BC r , A)-graded Lie algebras, r > 3. Such results would be especially interesting 
in the particular case of an invariant division (BC r , A)-graded Lie algebra, since 
they would naturally include our main theorems as well as the finite-dimensional 
result mentioned at the beginning of this paper (when A = 0). We expect that 
the results and arguments in the division case would closely follow the ones in the 
present work. 
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